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Abstract [Invariant differential operators on Siegel-Jacobi space and Maass-
Jacobi forms]

For two positive integers m and n, we let H,, be the Siegel upper half plane of
degree n and let C(™™ be the set of all m xn complex matrices. In this article,
we study differential operators on the Siegel-Jacobi space H,, x C("™"™) that are
invariant under the natural action of the Jacobi group Sp(n,R) x Hﬂgl’m) on

H,, x C™") where Hﬂ({b’m) denotes the Heisenberg group. We give some ex-
plicit invariant differential operators. We present important problems which
are natural. We announce some solutions for these natural problems. Finally
we introduce a notion of Maass-Jacobi forms.
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1 Introduction

For a given fixed positive integer n, we let
H,={ReC™ | Q=102 ImN2>0}
be the Siegel upper half plane of degree n and let
Sp(n,R) = {M e R®™2™) | '\ J, M = J, }

be the symplectic group of degree n, where F*:1) denotes the set of all k x I
matrices with entries in a commutative ring F' for two positive integers k and
1, 'M denotes the transpose of a matrix M and

(01,
Jn_(m).

Sp(n,R) acts on H,, transitively by
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M- Q= (AR 4+ B)(CN+ D)™, (1.1)

AB
CcD

For two positive integers m and n, we consider the Heisenberg group

where M = ( ) € Sp(n,R) and 2 € H,,.

Hﬂ({l’m) ={(\wr)| A\pe R ke ROW™ k4 4\ symmetric }
endowed with the following multiplication law
(Apsr)o (N pwsw') = A+ N p+psm4+ 6 + X0 —p'X)

with ()\,,u; /1), (X,u’; Iil) € Hﬂ(gn’m). We define the Jacobi group of degree n
and index m that is the semidirect product of Sp(n,R) and Hﬂ({"’m)

G’ = Sp(n,R) x H"™
endowed with the following multiplication law
(M, (X, s 8))- (M, (N w561 )) = (MM, A+ N, it s s+ 5 + X0 — i)

with M, M’ € Sp(n,R), (\, u; k), (X, /s &') € HE™ and (X, i) = (A, p) M’
Then G7 acts on H,, x C"™) transitively by

(M, (\ s 5)) - (92, 2) = (M C0(Z N2+ p)(CR+ D)’l), (1.2)

AB
CD
C(mn) We note that the Jacobi group G is not a reductive Lie group and
the homogeneous space H,, x C™™) is not a symmetric space. We refer to
[2, 7, 22, 23, 24, 25, 27, 28, 29, 30, 31] about automorphic forms on G’ and
topics related to the content of this paper. From now on, for brevity we write
H, » = H, x C(m")  The homogeneous space H,, r, is called the Siegel-Jacobi
space of degree n and index m.

where M = < ) € Sp(n,R), (\,i;5) € Hﬂ%n’m) and (£2,7) € H,, x

The aim of this survey paper is to present results on differential operators
on H,, ,, which are invariant under the natural action (1.2) of G”. The study
of these invariant differential operators on the Siegel-Jacobi space H,, y, is
interesting and important in the aspects of invariant theory, arithmetic and
geometry. This article is organized as follows. In Section 2, we review differ-
ential operators on H,, invariant under the action (1.1) of Sp(n, R). In Section
3, we discuss differential operators on H,, ,,, invariant under the action (1.2)
of G’ and propose some natural problems related to invariant differential op-
erators on the Siegel-Jacobi space. We present some results without proofs.
In Section 4, we gives some examples of explicit G’-invariant differential op-
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erators on M, ,,,. In Section 5, we introduce the partial Cayley transform
of the Siegel-Jacobi space into the Siegel-Jacobi disk and present some ex-
plicit invariant differential operators on the Siegel-Jacobi disk. In Section 6,
we present some results in the special case n = m = 1 in detail. We give
complete solutions of the problems that are proposed in Section 3. In the
final section, using these invariant differential operators on the Siegel-Jacobi
space, we discuss a notion of Maass-Jacobi forms.

Acknowledgements: This work was in part done during my stay at the
Max-Planck-Institut fiir Mathematik in Bonn. I am very grateful to MPIM,
Bonn for its hospitality and financial support. I also thank the National
Research Foundation of Korea for its financial support. I would like to give my
hearty thanks to Don Zagier, Eberhard Freitag, Rainer Weissauer, Hiroyuki
Ochiai and Minoru Itoh for their interests in this work and fruitful discussions.

Notations: We denote by Q, R and C the field of rational numbers, the field
of real numbers and the field of complex numbers respectively. We denote by
Z and ZT the ring of integers and the set of all positive integers respectively.
The symbol “:=" means that the expression on the right is the definition of
that on the left. For two positive integers k and [, F*! denotes the set of
all k x [ matrices with entries in a commutative ring F'. For a square matrix
A € FR) of degree k, tr(A) denotes the trace of A. For any M € F*D [
denotes the transpose of a matrix M. For A € F(*) and B € F**) we set
B[A] = YABA. For a positive integer n, I,, denotes the identity matrix of
degree n. For a complex number z, |z| denotes the absolute value of z. For a
complex number z, Re z and Im z denote the real part of z and the imaginary
part of z respectively.

2 Invariant Differential Operators on Siegel Space

For a coordinate §2 = (w;;) € H,, we write 2 = X +4iY with X = (z5), Y =
(i) real. We put df2 = (dwij) and df2 = (d@j). We also put

i_ 1+46; 0 and i_ 1+4; 0O
o1 N 2 &uij é)ﬁ B 2 awij ’

Then for a positive real number A,
ds? 4 = Atr(rldrz Y*ldﬁ) (2.1)
is a Sp(n, R)-invariant Kéhler metric on H,, (cf. [19, 20]), where tr(M) denotes

the trace of a square matrix M. H. Maass [14] proved that the Laplacian of
dsi; 4 Is given by
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4 tr 9\ 9
And
dv(2) = (det V)~ TT day [ duy
1<i<j<n 1<i<j<n

is a Sp(n, R)-invariant volume element on H, (cf. [20, p. 130]).

For brevity, we write G = Sp(n,R). The isotropy subgroup K at il,, for
the action (1.1) is a maximal compact subgroup of G given by

K= {(g _AB) | A4+ B'B=1, A'B=DB', A,BeRO™ }

Let € be the Lie algebra of K. Then the Lie algebra g of G has a Cartan
decomposition g = € ® p, where

9= {@; ;X;l> | X1, Xe, X5 € RO, Xy = X, Xg = 'Xy }

X -Y
_ (2n,2n)
t= {(Y X) €R

p:{(if_g()‘xztx, y = ty, X,YGR(’“”)}.

PX + X =0, Y:tY},

The subspace p of g may be regarded as the tangent space of H,, at il,.
The adjoint representation of G on g induces the action of K on p given by

k-Z=kZ'%k, keK, Zep. (2.3)

Let T}, be the vector space of n X n symmetric complex matrices. We let
¥ . p — T, be the map defined by

X Y . XY
W((E)-xem E e e
We let § : K — U(n) be the isomorphism defined by
A-B . A-B
(G ) =avim (AF)er oo

where U(n) denotes the unitary group of degree n. We identify p (resp. K)
with T}, (resp. U(n)) through the map ¥ (resp. 6). We consider the action of
U(n) on T,, defined by

h-w= hw'h, heU(n), we Ty (2.6)
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Then the adjoint action (2.3) of K on p is compatible with the action (2.6)
of U(n) on T,, through the map ¥. Precisely for any k € K and Z € p, we
get

U(kZ'%k) =6(k)W(2)'6(k). (2.7)

The action (2.6) induces the action of U(n) on the polynomial algebra Pol(T,)
consisting of polynomials on T},. We denote by Pol(T},)V (™ the subalgebra of
Pol(T,,) consisting of polynomials invariant under the action of U(n). Then
we have the so-called Helgason map

O, : Pol(T;,)V™ — D(H,,) (2.8)

of Pol(T;,)V(™ onto the algebra D(H,,) of differential operators on H, invari-
ant under the action (1.1) of G. The map ©,, is a canonical linear bijection
but is not an algebra isomorphism. The map @, is described explicitly as
follows. We put N = n(n +1). Let {{,] 1 <a < N} be a basis of a real
vector space p. If P € Pol(p)X, then

o(2) (oo (S0} )] e

(ta)=0

(On(P)f)(9K) =

where f € C*°(H,,). We refer to [10, 11] for more detail. In general, it is hard
to express @(P) explicitly for a polynomial P € Pol(p)X.

According to the work of Harish-Chandra [8, 9], the algebra D(H,,) is
generated by n algebraically independent generators and is isomorphic to the
commutative algebra Clx1,- - ,x,] with n indeterminates. We note that n
is the real rank of G. Let gc be the complexification of g. It is known that
D(H,,) is isomorphic to the center of the universal enveloping algebra of gc.

Using a classical invariant theory (cf. [12, 21], we can show that Pol(T;,)V (™)
is generated by the following algebraically independent polynomials

For each j with 1 < j < n, the image ©,(g;) of ¢; is an invariant dif-
ferential operator on H,, of degree 2j. The algebra D(H,,) is generated by n
algebraically independent generators ©,,(q1), ©n(g2), - , On(gn). In particu-
lar,

t
0\ 0
Onlqr) = 1 tr(Y (Y&Q> 8()) for some constant c;. (2.11)
We observe that if we take w = = + iy € T,, with real z,y, then ¢;(w) =
q1(z,y) = tr(as2 + y2) and
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g2 (w) = @a(z,y) = tr((m2 +y2)2 + Zx(acy — yx)y)

It is a natural question to express the images ©,(q;) explicitly for j =
2,3,--- ,n. We hope that the images ©,(q;) for j =2,3,--- ,n are expressed
in the form of the trace.

H. Maass [15] found explicit algebraically independent generators of D(H,,).
G. Shimura [18] found canonically defined algebraically independent genera-
tors of D(H,).

Example 2.1. We consider the case n = 1. The algebra Pol(Tl)U(l) is gen-
erated by the polynomial

qw)=ww, w=x+ iy € C with z,y real.

Using Formula (2.9), we get
0? 9?
4.2
Therefore D(H;) = C[0:(q)].

Example 2.2. We consider the case n = 2. The algebra Pol(Tg)U(2) is gen-
erated by the polynomial

a(w)=tr(ww), g¢w)= tr((ww)2>, w € Ty

Using Formula (2.9), we may express ©2(q1) and ©2(gz) explicitly. O2(q1)
is expressed by Formula (2.11). The computation of ©2(g2) might be quite
tedious. We leave the detail to the reader. In this case, ©2(q2) was essentially
computed in [5], Proposition 6. Therefore

D(Hz) = C[O2(q1), O2(g2)]-

In fact, the center of the universal enveloping algebra % (gc) was computed
in [5].

3 Invariant Differential Operators on Siegel-Jacobi
Space

The stabilizer K7 of G7 at (il,,,0) is given by
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K’ = {(k,(0,0;H)) ‘ ke K, k="tkeRMmm }

Therefore Hy, ,, = G’ /K Tisa homogeneous space of non-reductive type. The
Lie algebra g’ of G’ has a decomposition

g’ =¢/ +p7,
where

(@01 2 RoRm. A- mern)

EJ = {(X7 (anyR)) | X & E’ R: tRER(m’m) },

p‘]: {(K(P7Q7O)) | Y ep, PerR(mm) }

Thus the tangent space of the homogeneous space H,, ,,, at (¢,,,0) is identified
with p”.

If o = <()Z(11 3;1) ,(Pl,Ql,Rl)) and 8 = ((JZ(QQ g@ 7(P27Q2,R2))

are elements of g”, then the Lie bracket [, 3] of a and 3 is given by

= (3 ) @), (3.1)

where

X' =X1Xo = Xo X1 + Y127, = Y27y,
Y* = X1Ys — XoVi + 31X, — Y X,
T = T Xo — Zo X1 + XoZy — X1 2o,
P =P Xo — P2 Xy + Q172 — Q271,
Q" = P1Ys — PY1 + Q2'X1 — Q1 "X,
R*=P1'Q:— P'Q1 + Q2"PL — Q1 'Pa.

We recall that T}, denotes the vector space of all n X n symmetric complex
matrices. For brevity, we put T}, ,,, := T, X C(mn) We define the real linear
map @ : p/ — T}, by

gp(("; _§>,(P,Q,0))(X+mp+icg), (3.2)

XY
(m,n)
where (Y_X>EpandP,Q6]R .
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Let S(m,R) denote the additive group consisting of all m x m real sym-
metric matrices. Now we define the isomorphism 6 : K/ — U(n) x S(m,R)
by

0(h,(0,0,k)) = (6(h),k), heK, ke S(m,R), (3.3)
where ¢ : K — U(n) is the map defined by (2.5). Identifying R("™) x R
with C™™) | we can identify p” with T}, x C(""),

Theorem 3.1. The adjoint representation of K7 on p’ is compatible with
the natural action of U(n) x S(m,R) on T, ., defined by

(hyK) - (w,2) :== (hw'h, 2'h) (3.4)

through the maps ¢ and 0, where h € U(n), k € S(m,R), (w,2) € Tp .
Precisely, if k7 € K7 and o € p”’, then we have the following equality

& (Ad(k’ )a) = 0(k") - B(a). (3.5)
Here we regard the complex vector space Ty, m, as a real vector space.

The proof of the above theorem can be found in [13].

We now study the algebra D(H, ,,) of all differential operators on H,, ,,
invariant under the natural action (1.2) of G’. The action (3.4) induces the
action of U(n) on the polynomial algebra Pol,, ,,, := Pol (T}, ,,,). We denote by

Polg’(ﬁ) the subalgebra of Pol, ,, consisting of all U(n)-invariants. Similarly

the adjoint action of K on p” induces the action of K on the polynomial
algebra Pol(pJ). We see that through the identification of p” with T, ,,, the
algebra Pol (p‘] ) is isomorphic to Pol,, p,.

According to Helgason ([11], p. 287), one obtains the Helgason map
O : POl — D(H,, )

of Polgy(g) onto D(H,, ,,) which is a natural linear bijection but is not an
algebra isomorphism. The map ©,, ,,, is described explicitly as follows. We
put Ny, = n(n + 1) + 2mn. Let {na| 1<a< N*} be a basis of p’. If

P e Pol(p’)" = Pol(™, then

P (81) f <gexp (itana> KJN , (3.6)

(ta)=0

(G (P)f)(gK7) =

where g € G’ and f € C®(H,,,,). In general, it is hard to express 6, ,,(P)
explicitly for a polynomial P € Pol(p" )K.

We propose the following natural problems.
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Problem 1. Find a complete list of explicit generators of Polgf,:’l).

Problem 2. Find all relations among a set of generators of Polg,(g).

Problem 3. Find an easy or effective way to express exphcitly the images of
the above invariant polynomials or generators of Poln iig ) under the Helgason
map Oy, .

Problem 4. Decompose Pol,, ,,, into U(n)-irreducibles.

Problem 5. Find a complete list of explicit generators of the algebra
D(H,, ) or construct explicit G’-invariant differential operators on Hy, -

Problem 6. Find all relations among a set of generators of D(H,, ,, ).
Problem 7. Is Polg’(,z) finitely generated ?

Problem 8. Is D(H, ,,) finitely generated ?

Problem 1 and Problem 7 are solved as follows.

Theorem 3.2. PolY (™ g generated by

n,m

gj(w,z) = tr((ww)j+1), 0<j<n-—1,
() )

akp (w,2) = Re (2 (

(2(
2(@w) Gy, 0<j<n—1,1<k<p<m
(@

10 )k, 0<j<n—1,1<k<p<m,

where w € T,, and z € C™™)

The proof of Theorem 3.2 can be found in [13]. Here we will not describe
the solution of Problem 2 because it is very complicated. The solution of
Problem 2 will appear in another paper in the near future.

4 Examples of Explicit G/-Invariant Differential
Operators

In this section we give examples of explicit G/ -invariant differential operators
on the Siegel-Jacobi space Hj, ;.
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A B

For g = (M,()\,,u;/i)) € G’ with M = (CD

Hy, 1, we set

> € Sp(n,R) and (£2,2) €

N=X+1iY, X=(z,), Y = (yuw) real,
.= M-2=X,+1Y,, X, Y, real,
Zo= (Z4+ M2+ p)(CR+D) = U, +iV., U,V real

For a coordinate (£2,7) € H,,,, with 2 = (w,,) and Z = (1), we put

df, df2, 0?27 8% as before and set

Z =U+1iV, U = (ug), V = (vg) real,
dZ = (dzw),  dZ = (dz),

lé) o) 9 9
9 32-11 T 32.7711 9 0z11 """ O0Zm1
97 : - P : -
0z o o) 0z 6] 6]
0zin * " OzZmn 0Zin """ 0Zmn

The author [29] proved that the following differential operators M; and

M on H, ,, defined by
My = o v 2 (L (4.1)
b 0z \oz '

e (v () an ) e (0 () )
(v (m)az) o (v (i) am)

are invariant under the action (1.2) of G“.

and

The authors [13] proved that the following differential operator K on H,, ,,
of degree 2n defined by

= antry e (2 2)) 0

is invariant under the action (1.2) of G’. Furthermore the authors [13] proved
that the following matrix-valued differential operator T on H, ,, defined by

- (L)L s
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and the following differential operators
Ty = — 1<k I1I<m 4.5
M Z Yis (’ﬁkiazlj’ - ( )
3,7=1
are invariant under the action (1.2) of G”.

We see that
M, = [My, My] = MMy — MM,

is an invariant differential operator of degree three on H,, ,, and
Pp = [M3, Tg] = MaTyy — TpaM3z, 1<k I1<m
is an invariant differential operator of degree 2n + 1 on H,, ,,.

The author [29] proved that for any two positive real numbers A and B,
ds2 ap = Atr(Y—ldQ Y—ldﬁ)
+B {tr(yl tVVY*ldQY*ldﬁ) + tr(Y’l t(dZ) dZ)
—tr(VY‘ldQY‘“(d7)) - tr(VY‘ldQY_“(dZ))}

is a Riemannian metric on H,, ,, which is invariant under the action (1.2) of
G’. In fact, ds? .4 p is a Kéhler metric of Hy . The author [29] proved
that for any two positive real numbers A and B, the following differential
operator

4 4
An,m;A,B = Z MQ + EMl (46)

is the Laplacian of the G”/-invariant Riemannian metric ds? , , 5.

We set, for an integer k with 1 < k < m,

9 _(o 0
07, B Oz " 0Znke

and

We define
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0 o
Y+'7872’ Y. = <8Z>Y’
N RN B N
X+.—228Q—|—2Y V8Z+(ZY |4 2z ) )
X_ = Y HYT),

~ ) o - t o -t 1y t o

t t t
A:=2iyat+z'tv (a) +i <Y—”V (a) Y).
o0 Y4 Y4

Following H. Maass [15] (cf. (2.18)—(2.20)), we put

=
|

and

1~
n —+ K

AW = AK +

and define A (j =2,3,---,n) recursively by

10 — goze-v "t r36-0 L i (460

AW = AW 4G — AAU +2Atr(AJ )
1 oY’ o) Lt t7t7G-1)
+5(2-2){(e-2)" (1)}

For any positive integers j, k,l with 1 < j <n, 1 <k,l < m, we define
.E[j : = tI‘(z‘T(j)), Tk,l = tr (tY_yk tY_;,_J Z(J)) y
Uy :=tr (tY,’k Y_, X+) R Viq == tr (Y+7k tY+’l X,) .

J. Yang and L. Yin [32] showed that ﬁj, Tyt U, and Vi, are invariant
under the action (1.2) of G.

5 The Partial Cayley Transform

In this section we discuss a notion of the partial Cayley transform and give
examples of explicit G”-invariant differential operators on the Siegel-Jacobi
disk.
Let
D, = {WGC("’”H W= W, IH—WW>0}

be the generalized unit disk.
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For brevity, we write D, ,, :=D,, x C(™7)  This homogeneous space Dy
is called the Siegel-Jacobi disk of degree n and index m. For a coordinate
(W,n) € Dy, with W = (w,,) € D, and 1 = (n4) € C™™ | we put

dW = (dwy,), dW = (dw,,),
dn = (dnw), dn = (diy)

and

9 9 o o)
9 o1 dV].rnl 9 oMy 8ﬁ:m1
o : o T :
(977 9 9 aﬁ o] o)
877171, T 8"77?1,71 aﬁln e 8ﬁmn

We can identify an element g = (M, (), u;x)) of G/, M = (é g) €

Sp(n,R) with the element

A0 BA'y— B\
Ay p K
C 0 DCtu—D?tX
000 I

of Sp(m + n,R).
We set
\/5 thyin —tIngn
We now consider the group G defined by

Gl .=17'G'T..

Tt g = (M,(A\ s v) € G7 with M — (é g) € Sp(n,R), then T-'gT. is
given by
B P Q
1 _ [ 1 W
T T, = (Q* P*) , (5.1
where

_ P QUM +ip) — P A —in)}
b= <§(A+w) In+i% ’
_ Q  3{P'(\—ip)—Q'(A+in)}
- = (%(Aiu) —if )
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and P, () are given by the formulas
1
P:E{(A+D)+i(B—C)} (5.2)

and

Q:%{(A—D)—i(Bﬁ-C)}. (5.3)

From now on, we write

(%) o s0-m-5)) = (3 3:).

In other words, we have the relation

(2 5) 0w .= ((G3)- (0+ 10, 30-imi 5 )).

Let
HE™ = { (€ m:0) & e T, e ™™, ¢4 '€ symmetric |
be the complex Heisenberg group endowed with the following multiplication
€& n3¢) o (€ n5¢) =€+ &+ ¢+ + € —n'e)).
We define the semidirect product
SL(2n,C) x HI™™

endowed with the following multiplication

(7)-€n0)- (7 %) €rc0)
- ((g g> (g CS%j) ’ (£+§/7’7+7l’;c+c’+§tn’—ﬁtf/)) :

where € = £P' 4+ R’ and 7 = £Q’ + 1nS'.
If we identify Hﬁén’m) with the subgroup

(€& ectmm, perimm )

of H(é”’m), we have the following inclusion

G’ c SU(n,n) x H™™ c SL(2n,C) x HM™.
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We define the mapping © : G/ — G/ by

o((cp) dmm)=((gp) (50 +im. 30— =iz )). (54
(&) rem)=((7)- (30 3001 -3)

where P and @ are given by (5.2) and (5.3). We can see that if g1, g2 € G,
then ©(g1g2) = O(91)O(g2)-

According to [26, p. 250], G is of the Harish-Chandra type (cf. [17, p. 118]).

Let
g = ((gg) NOW? f%))

be an element of G. Since the Harish-Chandra decomposition of an element

(P Q) in SU(n,n) is given by

RS
PQ\ (L,QS™\ (P-QS'RO I, 0
rRS)~\o I, 0 s)\sr1,)’

the P -component of the following element

I, W )
g*'<<0 In>3(07n70)>7 W eD,

of SL(2n,C) x HI™ is given by

((I(;L (PW + Q)(I?W +P)1>, (07 (N + AW + p)(QW —|—P)_1 ;O)) . (5.5)

We can identify D,, ,,, with the subset

{(5Y) 0n0)|wep, pecmn}

of the complexification of G7. Indeed, Dy, ,,, is embedded into P given by

Pl = { ((I(;L If) 7(0,77;0)) ‘ w="'wectmm, nectmm }

This is a generalization of the Harish-Chandra embedding (cf. [17, p.119]).
Then we get the natural transitive action of G on D,, ,,, defined by

((5%) (€& w) -avn (5.

= ((PW +Q@W +P) ™ (n+ €W +D@W +P)7"),
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where <g g) € G*, g S C(m,’ﬂ), K € R(m,m) and (m 7]) (= ]D)n.,m'

The author [30] proved that the action (1.2) of G’ on H,_, is compatible
with the action (5.6) of G on D, ,,, through the partial Cayley transform
v : Dy, — H, ,, defined by

w(W,n) = (i(In F W)Ly — W)L, 200 (I, — W)—l).
In other words, if go € G’ and (W,7n) € D, m,

go - ¥(W, 77) =U(g. - (W,n)),

where g. = T 1goT.. ¥ is a biholomorphic mapping of D,, ,,, onto H,, ,,, which
gives the partially bounded realization of Hl, ,, by D,, ,,,. The inverse of ¥ is

10, 7) = ((9 L) (2 il Z(02 + un)*l).

The author [31] proved that for any two positive real numbers A and B,
the following metric d3?. . 4 p defined by

dsd g = 4Atr(([n —WW) AW (I, — WW)*ldW)
+an s ((In )" “(dn)ﬁ)
r( VI, — WW)~tdW (I, —WW)‘“(dﬁ))
r( VI, — WW)~YdW (I, — WW)~! t(dn))
— (L, - W)~
tr(W (I, — WW) " 57 (I, — WW)~LdW (I, —WW)—ldW)
— W)

r(I

gL, — WW) Ydaw (I, - WW)~ tdWw

Ly (I, — WW) " Wdw (I, —WW)—ldW)

r( “nnW(I —WW)~ 1dW(In—WW)_1dW>

+tr( W S WY — WW) "L (I, — WW) ™!
% (I — W) (I — W)~ YdW (I, — WW)*ldW)
- tr(([n CWW) NI, — W (I — W)~ g (1, — W)L

x dW (I, — WW)ldw)}
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is a Riemannian metric on D, ,, which is invariant under the action (5.6) of
the Jacobi group G.

The author [31] proved that the following differential operators S; and Sy

on D, ,,, defined by
Si=o| I, —W W)—t —

and

are invariant under the action (5.6) of G. The author also proved that

1 1
ADn,m;A,B = ZSQ + ESI (57)

is the Laplacian of the invariant metric ds3, ., g on Dy, (cf. [31]).

The authors [13] proved that the following differential operator on D, ,,

defined by
Ss = det(l,, — WW) det —t —
3 " on \ 0n

is invariant under the action (5.6) of G on D,, ,,,. Furthermore the authors
[13] proved that the following matrix-valued differential operator on D, .,
defined by

Lo 0
J:= (zm) (In—WW)a—n

and each (k,l)-entry Jg; of J given by
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n n 92
= 67,_ 71’7” T 5 1§]€7l§
Jkl Z ( J ; Wiy Wy ) aﬁkianlj m

ij=1

are invariant under the action (5.6) of G on Dy, ..

S. = [S1,82] = $18; — S84
is an invariant differential operator of degree three on D, ,,, and
Qwr = [S3,di] = Sadpt — IS, 1<k, I<m
is an invariant differential operator of degree 2n + 1 on D, ,.

Indeed it is very complicated and difficult at this moment to express the
generators of the algebra of all G/-invariant differential operators on Dy, ,,
explicitly.

6 Invariant Differential Operators on the Siegel-Jacobi
Space of Lowest Dimension

We consider the case n = m = 1. For a coordinate (w,§) in T1 1 = C x C, we
write w=r+is, £ =(+in € C, rs,(, nreal. The author [27] proved that

the algebra Polgj’gl) is generated by

1 1
q(wvg) = wa: Z(TZ +52)7

a(w,f) = gg = <2 + 772a
Blw,€) = § Re (£77) =
Y(w, ) = 3 Tm (€%7) =

(2 —n®) +s(n,

s(n® = ¢%) +rn.

[ =N =

~ DN

In [27], using Formula (3.6) the author calculated explicitly the images
D1 =0611(q), D2=0611(a), D3=0;:1(¢) and Ds=061,(v)

of g, £, ¢ and v under the Helgason map @1 ;. We can show that the algebra
D(H, 1) is generated by the following differential operators
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0 o2 92 o
—2 . . 2 —_ -
Di=y (8z2+8y2>+v (8u2+8v2>
8? o?
) 4
+ yv(8x3u+6y8v>7
9
D2—y(au2+avz)v

o ([ 9 0? 3
—.2 - 2 _ 2 _ 2
Ds =y Ay ( ou?  Ov? > 2y Oxdudv

0
<vav+1)D2

o ([ o 0? o3
_2 9 (00 0T\ 5 9
Da=y Oz (81}2 8u2> 2y Ayoudv
0
- ’U%D27

and

where 7 = x 4+ iy and z = u + iv with real variables z,y, u,v. Moreover, we

have
0 0? 0?
D1Dy—DyDy = 2y* — | =— — —
12—l yay(3u2 61}2)

a2 (v 2p,ip
Y oroudw v 2 2 )
In particular, the algebra D(H]; ;) is not commutative. We refer to [2, 6, 27]
for more detail.

Recently the authors [13] proved the following results.

Theorem 6.3. We have the following relation
¢* + 9 =qa’.

This relation exhausts all the relations among the generators q, a, ¢ and ¥
of Pol (V.
Theorem 6.4. We have the following relations

(a) [Dl, DQ] = 2D3

(b) [D1,Ds] =2D1Dy —2Dg

(¢) [D2,Ds]=-D3
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) [D1, D3] =0
g) D?Q, + Di = D2D1D2
These seven relations exhaust all the relations among the generators D1, Ds, Dg

and D4 Of D(Hl,l)-

Theorem 6.5. The action of U(1) on Pol[i(ll) s not multiplicity-free.

Finally we see that for the case when n = m = 1, the eight problems
proposed in Section 3 are completely solved.

Remark 1. According to Theorem 6.4, we see that Dy is a generator of the
center of D(H ;). We observe that the Lapalcian

4 4
A4, = T D1+ Do (see (4.6))

of (Hy,1,ds] 1.4 5) does not belong to the center of D(Hj ;).

Remark 2. When n = 1 and m is an arbitrary integer, Conley and Raum [6]
found the 2m? + m + 1 explicit generators of D(Hj ,,) and the explicit one
generator of the center of D(Hj ,,). They also found the generators of the

center of the universal enveloping algebra of il(g‘] ) of the Jacobi Lie algebra

g”7. The number of generators of the center of il(g‘]) is 1+ W

7 Remarks on Maass-Jacobi Forms

Using G7-invariant differential operators on the Siegel-Jacobi space, we in-
troduce a notion of Maass-Jacobi forms.

Definition 1. Let
Ly = Sp(n, Z) x H{™™

be the discrete subgroup of G, where
Hé"’m) = {()\,u; K) € Hﬂén’m) | \, i, k are integral } )

A smooth function f : H,, ,, — C is called a Maass-Jacobi form on H,, ,, if
f satisfies the following conditions (MJ1)-(MJ3):

(MJ1) f is invariant under I, ,,.
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(MJ2) fisan eigenfunction of the Laplacian A,, ,,. 4 g (cf. Formula (4.6)).
(MJ3) f has a polynomial growth, that is, there exist a constant C' > 0
and a positive integer N such that

If(X+iY,2)| < Clp(MWM)N as detY —s oo,
where p(Y') is a polynomial in ¥ = (y;;).

Remark 3. Let D, be a commutative subalgebra of D(H, ,,) containing the
Laplacian Ay, ;,,4,5. We say that a smooth function f : H,,, — C
is a Maass-Jacobi form with respect to D, if f satisfies the conditions
(MJ1), (MJ2), and (M J3): the condition (M J2), is given by

(MJ2), f is an eigenfunction of any invariant differential operator in D).
Remark 4. Erik Balslev [1] developed the spectral theory of A; 1.1 on Hj g
to prove that the set of all eigenvalues of Aj ;.11 satisfies the Weyl law.

It is natural to propose the following problems.
Problem A : Find all the eigenfunctions of A, ym.4.5.

Problem B : Construct Maass-Jacobi forms.

If we find a nice eigenfunction ¢ of the Laplacian A, ,,,4,5, we can con-
struct a Maass-Jacobi form f, on H, ,, in the usual way defined by

fo(2,2) = > ¢(v-(2,2)),

vel“gf’m\l“n,m

Fﬁfm:{<(ng)>,()\,u;/<)> € L | C:O}

is a subgroup of I}, .

where

We consider the simple case when n = m =1 and A = B = 1. A metric
ds? 1.1, on Hy given by
2

2 Yy + v
d51,1;1,1 = 3

1
(da? + dy*) + — (du® + dv?)
Y
2
- y—g(dxdu + dydv)

is a G”/-invariant Kahler metric on H ;. Its Laplacian Ay ;.11 is given by



60 Jae-Hyun Yang

0? 0?
Al,l;l,l = y2 (31172 + ay2>

L [0 o2

*ly ) (au 3 a)
0? 0?

2 .

T ey (0m3u + 8y5‘v>

We provide some examples of eigenfunctions of Ay 1,1.1.

(a) hz,y) =y2 K _1(2mlaly) e?mar (s € C, a # 0) with eigenvalue
s(s —1). Here

K(z) = }/ exp {—f(t +t_1)} t5~ 1 dt,
2 /s 2
where Rez > 0.
() v, y°z, y*u (s € C) with eigenvalue s(s — 1).
(¢) y®v, y*uv, y*zv with eigenvalue s(s + 1).
(d) z, y, u, v, xv, uv with eigenvalue 0.
(e) All Maass wave forms.

Let p be a rational representation of GL(n,C) on a finite dimensional
complex vector space V. Let M € RO™™) be a symmetric half-integral semi-
positive definite matrix of degree m. Let C*°(H, ,,,V),) be the algebra of all
C functions on H, ,, with values in V,,. We define the |, r-slash action of
G’ on C*°(H,, m,V,) as follows: If f € C*°(H,, 1, V,),

Floaal (M (A, s 6))](£2, Z)

— e 2mitr(M[Z+A2+p)] (cR+D)~tC) | e2mitr(M(AR2 A4 2XZ 4+ k41 tN))

x p(CR+ D) (M- 2,(Z+ A2+ p)(C2+ D)™,

CD
notation a[8] = *Saf for suitable matrices a and 8. We define D, »q to be
the algebra of all differential operators D on H,, ,, satisfying the following
condition

where (A B) € Sp(n,R) and (\,;k) € H]}(Q"’m). We recall the Siegel’s

(Df)lp.mlgl = D(flp.rlg])

for all f € C°°(H,,,m,V,) and for all g € G’. We denote by Z, r( the center
of Dp,/\/l-

We define another notion of Maass-Jacobi forms as follows.
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Definition 2. A vector-valued smooth function ¢ : H,, ,,, — V,, is called a
Maass-Jacobi form on H, ,, of type p and index M if it satisfies the following
conditions (M J1)p pm, (MJI2)pr and (MJI3)p pq:

(MJl)p,M ¢|P;M[7] = ¢ for all Y€ Fn,m-

(MJ2)p a4 fis an eigenfunction of all differential operators in the center
Zp,./\/l of ]D)p,/\/l-

(MJ3), m  f has a growth condition

$(R,7) = O(eadctY : eMr(M[V]Y*l))

as detY — oo for some a > 0.

The case whenn =1, m=1and p = detk(k =0,1,2,---) was studied by
R. Berndt and R. Schmidt [2], A. Pitale [16] and K. Bringmann and O. Richter
[4]. The case when n = 1, m =arbitrary and p = det®(k = 1,2,---) was
investigated by C. Conley and M. Raum [6]. In [6] the authors proved that the
center Zg ik g of Dy pq 18 the polynomial algebra with one generator CF-M,
the so-called Casimir operator which is a |lgetk Aq—slash invariant differential
operator of degree three for the case when n = m = 1 or of degree four
for the case when n = 1, m > 2. Bringmann and Richter [4] considered

the Poincaré series Pénj&)s (the case when n = m = 1) that is a harmonic
Maass-Jacobi form in the sense of Definition 2 and investigated its Fourier
expansion and its Fourier coefficients. Here the harmonicity of 77,5"/\2) . means
that Ck’M’P,Enj\Z)S =0, ie., P,inj&)s is an eigenfunction of C¥M with zero
cigenvalue. Conley and Raum [6] generalized the results in [16] and [4] to the
case when n = 1 and m is arbitrary.

Remark 5. In [3], Bringmann, Conley and Richter proved that the center of
the algebra of differential operators invariant under the action of the Jacobi
group over a complex quadratic field is generated by two Casimir operators
of degree three. They also introduce an analogue of Kohnen’s plus space for
modular forms of half-integral weight over K = Q(7), and provide a lift from
it to the space of Jacobi forms over K.
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