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ABSTRACT. In this paper, we construct the Schrodinger-Weil represen-
tation of the Jacobi group associated with a positive definite symmetric
real matrix of degree m and find covariant maps for the Schrédinger-Weil
representation.

1. Introduction
For a given fixed positive integer n, we let
H, = {QeC™ | Q="' ImQ >0}
be the Siegel upper half plane of degree n and let
Sp(n,R) = {g e R(m2n) ’ lgdng = Jn}

be the symplectic group of degree n, where F(%! denotes the set of all k x [
matrices with entries in a commutative ring F' for two positive integers k and
I, 'M denotes the transpose of a matrix M, Im$) denotes the imaginary part

of Q and
o I,
(5 5)

Here I,, denotes the identity matrix of degree n. We see that Sp(n,R) acts on
H,, transitively by
9-Q=(AQ+B)(CQ+ D)™,

where g = (4 B) € Sp(n,R) and Q € H,,.
For two positive integers n and m, we consider the Heisenberg group

H]é"’m) ={(\wr)| \pe R g e ROP™ g4t symmetric}
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endowed with the following multiplication law
M) o (N Wik = A+ N, p+ p'si+ 5+ X0 = p'X).
We let
G’ = Sp(n,R) x H™™  (semi-direct product)

be the Jacobi group endowed with the following multiplication law
(9: ) - (o, Voas6)) = (99 b XT84 X = X))

with g,¢" € Sp(n,R), (A, p; ), (N, u/;6’) € Hﬂ({l’m) and (X,ﬁ) = (\p)g. We
let T',, = Sp(n,Z) be the Siegel modular group of degree n. We let

r) =T, x H"™
be the Jacobi modular group, where

Hén,m) — {()\, 1K) € H]é"’m) | A, i, k are integral}

is the discrete subgroup of H]é"’m). Then we have the natural action of G’ on
the Siegel-Jacobi space H,, ,, := H,, X Cm") defined by

(g, O\ 125 n)) (., 2) = ((AQ L BYCQ+ D)L (Z A+ u)(CQ+ D)*l),

where g = (A B) € Sp(n,R), (\, k) € =™ and (Q,Z) € H,,,. Thus
H,, » is a homogeneous Kahler space which is not symmetric. In fact, H,, ,, is
biholomorphic to the homogeneous space G/ /K7, where K7 = U(n) x S(m, R).
Here U(n) denotes the unitary group of degree n and S(m,R) denote the
abelian additive group consisting of all m x m symmetric real matrices. We
refer to [1, 2, 7, 20, 21, 23, 24, 28, 29, 30, 31, 33, 34, 35] for more details
on materials related to the Siegel-Jacobi space, e.g., Jacobi forms, invariant
metrics, invariant differential operators and Maass-Jacobi forms.

The Weil representation for a symplectic group was first introduced by A.
Weil in [18] to reformulate Siegel’s analytic theory of quadratic forms (cf. [14])
in terms of the group theoretical language. It is well known that the Weil
representation plays a central role in the study of the transformation behav-
iors of theta series. Whenever we study the transformation formulas of theta
series or Siegel modular forms of half integral weights, we are troubled by the
ambiguity of the factor det(CQ + D)2 in its signature. This means that we
should consider the transformation formula on a non-trivial two-fold covering
group of a symplectic group. In his paper [16], Takase removed the ambiguity
of the factor det(CQ + D)'/2? by constructing the right explicit automorphy
factor Jy /5 of weight 1/2 for Sp(n,R). on H,:

(11) J1/2 . Sp(n,R)* X Hn — CX.
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Here Sp(n,R). is the two-fold covering group of Sp(n,R) in the sense of a
real Lie group. See (4.15) for the precise definition. .J; /5 is real analytic on
Sp(n,R)., holomorphic on H,, and satisfies the relation

(12) Jl/g(g*,Q)Q :det(CQ+D),

where g, = (g,€) € Sp(n,R), with g = (4 B) € Sp(n,R). Using the automor-
phy factor .J; /5 of weight 1/2, Takase expressed the transformation formula of
theta series without ambiguity of det(CQ2 + D)'/2. Moreover he decomposed
the automorphy factor

, I(y- Q)

Q) =27

37, ©) 9

with a standard theta series ¥(£2) into a product of a character and the auto-
morphy factor Jy j2(7«, ).

In this paper, we construct the Schrodinger-Weil representation waq of the
Jacobi group G associated with a positive definite symmetric real matrix M
of degree n. We construct the automorphy factor Jx, (see Formula (5.3)) of
the two-fold covering group of G using the automorphy factor .J; /2 of Takase.
And we find the covariant maps (cf. [9], pp. 123-125) for the Schrédinger-Weil
representation waq and the automorphy factor J3, satisfying the covariant
relation (5.4).

This paper is organized as follows. In Section 2, we review the Schrodinger
representation of the Heisenberg group Hﬂ%n’m) associated with a nonzero sym-
metric real matrix of degree m which is formulated in [19, 22, 27]. In Section
3, we define the Schrédinger-Weil representation waq of the Jacobi group GY
associated with a symmetric positive definite matrix M and provide some of
the actions of waq on the representation space L2 (R(mvn)) explicitly. In Sec-
tion 4, we review Jacobi forms of integral weight, Siegel modular forms of half
integral weight, and the automorphy factor J;/ of weight 1/2 for the meta-
plectic group Sp(n,R), on H, constructed by Takase (cf. [16]). In Section 5,
we construct the automorphy factor J}, of the two-fold covering group of G
using the automorphy factor .J;/ of Takase and then find covariant maps for
the Schrodinger-Weil representation wag. As an application, we construct a
Jacobi form of half integral weight and index M.

Notations: We denote by Z, R and C the ring of integers, the field of real
numbers and the field of complex numbers respectively. C* denotes the mul-
tiplicative group of nonzero complex numbers and Z* denotes the set of all
nonzero integers. T denotes the multiplicative group of complex numbers of
modulus one. The symbol “:=” means that the expression on the right is the
definition of that on the left. For two positive integers k and I, F*) denotes
the set of all k x [ matrices with entries in a commutative ring F. For a
square matrix A € F**) of degree k, o0(A) denotes the trace of A. For any
M e F(&D )\ denotes the transpose of a matrix M. I,, denotes the identity
matrix of degree n. We put i = v/—1. For z € C, we define 2'/? = \/z so that
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—71/2 < arg(z!/2) < /2. Further we put 2*/2 = (2!/2)" for every k € Z. For
a positive integer m we denote by S(m, F') the additive group consisting of all
m X m symmetric matrices with coefficients in a commutative ring F'.

2. The Schrédinger representation
First of all, we observe that H]é"’m) is a 2-step nilpotent Lie group. The
inverse of an element (\, y; k) € H]é"’m) is given by
A R) = (=N =5 =k + A= ).
Now we set
[\ s 6] = (0, 5. 8) © (A, 0;0) = (A, 5 55 — pu"N).

Then Hﬂé"’m) may be regarded as a group equipped with the following multi-
plication

(A, 15 6] © [Xo, o3 ko] = [N+ Ao, i+ pio; & + Ko + Ao + po ‘A
The inverse of [\, u; k] € Hﬂé"’m) is given by
s )7 = [ A =g =R A4 AL

We set

L= {[0, w; K] € H]é"’m) peRMM =t e R(m’m)} )
Then L is a commutative normal subgroup of Hﬂé"’m). Let L be the Pontrajagin
dual of L, i.e., the commutative group consisting of all unitary characters of L.
Then L is isomorphic to the additive group R(™™ x S(m,R) via the canonical
pairing

(a,a) = 2™ OEUERR) g = [0, k] € L, a= (i) € L,

where S(m,R) denotes the space of all symmetric m x m real matrices.
We put

5= {10 0.0 € B |y e R} 2 R,
Then S acts on L as follows:
[X,0;0] [0, s 6] := [0, 5 s + A4 A, [X,0,0] € S, [0, ;5] € L.

)

We see that the Heisenberg group (Hﬂ(g"’m ,<>) is isomorphic to the semi-direct

product S x L of S and L whose multiplication law is defined by
([2,0:0], [0, 3 H]) % ([Mo, 0; 01, [0, o3 Ho])
i= ([A+ X0, 0;0], [0, 1 + o3 & + Ko + Xho +Mot)\])-

On the other hand, S acts on L by
[A,0;0] @ (fi, %) = (o + 2R\, k),
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where [X,0;0] € S, (4, ) € L with 2 € R(™™ and # € S(m,R). Then we have
the following relation
([A,0;0] [0, 3 6], (2, &) ) = ([0, 3 &, [A, 05 0] @ (2, &) ),

where [A,0;0] € S, [0, ;] € L and ({1, ) € L.
We have three types of S-orbits in L.

TYPE L. Let & € S(m,R) be nondegenerate. The S-orbit of (0,&) € Lis given
by
O = {(2;%/\,;%) el ’ \e RW")} > R(mm),
TypE II. Let (1, %5) € RO™™ x S(m,R) with 4 € R™™ % € S(m,R) and
degenerate & # 0. Then

Oy = { (i + 280, 7)| A € RO L G ROW [},
TYPE III. Let § € R("™") The S-orbit @y of (9,0) is given by

O ={(3,0)}.

We have the following disjoint union

L= U o|ul U o|U U Oy
RES(m,R) HER(™™) (f1,7) ER™™ % §(m,R)
A nondegenerate /##0 degenerate
as a set. The stabilizer S; of S at (0, %) with nondegenerate & is given by
Sz = {0}.
And the stabilizer Sy of S at (g, 0) is given by

S; = {[)\,0;0] ’ Ae R(’"’”)} _§ = Rmm).

In this section, for the present being we set H = H]é"’m) for brevity. We
see that L is a closed, commutative normal subgroup of H. Since (A, y; k) =
(0, ;5 + ™) o (X,0;0) for (A, u; ) € H, the homogeneous space X = L\H
can be identified with R("") via

Lh=Lo(\0;0)— A, h=(\u;k) € H.
We observe that H acts on X by
(Lh) -hg = L (A4 X, 0;0) = A+ Ao,

where h = (A, u; k) € H and hg = (Ao, po; ko) € H.
If h = (\, pu; k) € H, according to the Mackey decomposition of h = I}, o s,
with I, € L and s, € S, (cf. [10]) we have

In= (0,5 +uN), sn=()\0;0).
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Thus if hg = (Ao, to; ko) € H, then we have
sn o ho = (X,0;0) o (Mo, po; ko) = (A =+ Ao, io; Ko + A 'to)
and so
(2.1) Lspono = (0, 103 Ko + 1o Do + Ao + 1o °N).
For a real symmetric matrix ¢ = ‘¢ € S(m,R) with ¢ # 0, we consider the
unitary character x. of L defined by
(2:2) Xe ((0,p55)) = €™ (0, 45 ,) € L.

Then the representation #, = Indf Xce of H induced from x. is realized on
the Hilbert space H(x.) = L?(X,dh,C) = L? (R(™™) d¢) as follows. If hg =
(Mo, o3 ko) € H and x = Lh € X with h = (A, u; k) € H, we have

(2.3) (We(ho) f) (x) = Xe(lsone) f(xho), [ € H(Xe)-

According to (2.1) and (2.2), we can describe Formula (2.3) more explicitly as
follows.

(2_4) [%(ho)f] ()\) — eﬂ'io’{c(ﬁo-‘ruo No+2X *uo)} f()\ n )\0)’

where ho = (Mo, po; ko) € H and X € RU™™. Here we identified x = Lh
(resp. xhg = Lhhg) with A (resp. A + Xg). The induced representation # is
called the Schrédinger representation of H associated with y.. Thus 7 is a
monomial representation.

Theorem 2.1. Let ¢ be a positive definite symmetric real matriz of degree m.
Then the Schridinger representation W, of H is irreducible.

Proof. The proof can be found in [19], Theorem 3. O

Remark 2.1. We refer to [19, 22, 25, 26, 27, 32] for more representations of the

sm)

Heisenberg group H]é" and their related topics.

3. The Schrodinger-Weil representation

Throughout this section we assume that M is a positive definite sym-
metric real m X m matrix. We consider the Schrodinger representation %4
of the Heisenberg group H{"™ with the central character #j((0,0;k)) =
xm((0,0; k) = e™ M) e e S(m, R) (cf. (2.2)). We note that the symplectic
group Sp(n,R) acts on H]é"’m) by conjugation inside G’. For a fixed element
g € Sp(n,R), the irreducible unitary representation #7; of HD(J”") defined by

(3.1) Wi (h) = Wa(ghg™), he HI™
has the property that
W3((0,0;5)) = #a((0,0;5) = e M& Td g, K € S(m,R).
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Here Idg(y,,) denotes the identity operator on the Hilbert space H(xa). Ac-
cording to Stone-von Neumann theorem, there exists a unitary operator R (g)
on H(xam) with Raq(I2n) = Idg(y,,) such that

(3.2) Ra(9)#ou(h) = #8(h)Rp(g)  for all h e H™™.

We observe that Raq(g) is determined uniquely up to a scalar of modulus one.
From now on, for brevity, we put G = Sp(n,R). According to Schur’s lemma,
we have a map cy : G X G — T satisfying the relation

(3.3) Ra(g192) = camlgr, 92) Bm(g1)Raa(ge)  for all g1, 92 € G.

We recall that T' denotes the multiplicative group of complex numbers of mod-
ulus one. Therefore R is a projective representation of G on H(x ) and
cm defines the cocycle class in H2(G,T). The cocycle cp yields the central
extension G of G by T. The group G is a set G x T equipped with the
following multiplication

(3.4)  (g91,t1) - (92,t2) = (9192, titacam(91,92) "), G1,92 € G, ti,ta €T.
We see immediately that the map Raq : Gag — GL(H (xa)) defined by
(3.5) Ra(g,t) =t Ram(g) for all (g,t) € G
is a true representation of Gag. As in Section 1.7 in [9], we can define the map
sm : G — T satistying the relation

cm(g1:92)? = sa(91) " sm(g2) T salgrge) for all g1, g2 € G

Thus we see that

(3.6) G27M:{(g,t)€GM|tQ:SM(g)*l}
is the metaplectic group associated with M that is a two-fold covering group
of G. The restriction Ry aq of EM to G, am is the Weil representation of G
associated with M.

If we identify b = (A, p; k) € HS™™ (vesp. g € Sp(n, R)) with (I, (A, p; 5))
€ G’ (resp. (g,(0,0;0)) € G7), every element § of G’ can be written as § = hg
with h € Hﬂé"’m) and g € Sp(n,R). In fact,

(9 (A s 8)) = (T, (A, )97 8)) (9, (0,0;0)) = (A, w)g "5 k) - g.

Therefore we define the projective representation a4 of the Jacobi group G
with cocycle ca(g1, g2) by

(3.7) ma(hg) = #au(h) Baalg), he HY™, ge@.

Indeed, since Hﬂ({l’m) is a normal subgroup of G”, for any hi, hy € Hﬂ({l’m) and
g1,92 € G7

= 7am(h1gihagy 'g192)

= W (h1(g1h2g7 ")) Raa(g192)

em(g1; g2)Wam(h) W35 (ha) Raa(g91) Ram(g2)

T (h1g1h2g2)
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eam(g1, 92) Wm(ha) Raa(g1) W (ha) Ra(g2)
= cm(91, 92)Tm(hrg1)Ta (haga).
We let
Ghy= G x HY™
be the semidirect product of G and Hﬂé"’m) with the multiplication law

((g1,t1), (M, pas k1)) - ((g25t2), (A2, p2 ;s K2))
= ((g1,t1)(g2, t2), (X + Xay fi+ p2s 61+ Ko + Az — i'A2)),
where (g1,t1), (g2,12) € Gat, (M1, pir; 61), (Ao, iz 12) € HE™™ and (A, ) =
(A, w)g2. If we identify h = (A, p;k) € HY™ (resp. (g,t) € Gaq) with
((Izn, 1), (A, k) € G4y (vesp. ((g,t),(0,0;0)) € G%,), we see easily that
every element ((g,t), (A, pu; k) of Gi{; can be expressed as

((g,8), A 6)) = ((2n, 1), (M )g ™15 8)) ((9,1),(0,050)) = (A, w)g ™5 5)(g, 1),

Now we can define the true representation way of G}]\/t by
(3.8) @m(h(g,1) = twaa(hg) = t #pu(h) Raalg), he HE™, (g,1) € G,
Indeed, since Hy (™) is a normal subgroup of G

O (ha(gr,t1)ha(g2, t2))
= wM(h1(g1 t1)ha(g1,t1) " (91, t1) (g2, t2))
= WM (hl(g t1)ho(g1,t1)” (9192,t1t2 cM (91,92)71))
= tita cpm(g1,92) " W (ha(g, t1)ha(g1,t1) ™) Raa(g192)
= tata W (h) W (91, t1) ha(g1, 1) ") Raa(91) Raa(g2)
= tats Wt (1) W (g1hagy ') Raa(gr) Raa(g2)
= tita Wnm(h1) Ram(g1) W (ha) Raqa(g2)
{t1 ma(hig1)} {t2 maa(h2g2)}
= Wam(hi(g1,t1)) @a(h2(gas t2)).

Here we used the fact that (g1,t1)h2(g1,t1) ! = glhggfl.
We recall that the following matrices

t(b) = (Ig Ib) with any b = b € R(™™)

ta 0 .
gla) = o1 with any o € GL(n,R),
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generate the symplectic group G = Sp(n,R) (cf. [3, p. 326], [12, p. 210]).
Therefore the following elements h; (A, p; ), t(b;t), gla;t) and o, ¢ of Gag X

H™ defined by
he(\ ps k) = ((Ign, ), (A H)) with t € T, A\, € R0™™ and k € R™™),
t(b;t) = ((t(b),t),(0,0;0)) with any b= b € R(™™ ¢ €T,
g(ast) = ((9(@),t),(0,0;0)) with any o € GL(n,R) and ¢ € T,
on:t = ((0n,1),(0,0;0)) witht € T
generate the group G X Hﬂgn’m). We can show that the representation waq

is realized on the representation H(ya) = L2 (R(m*”)) as follows: for each
ferL? (R(W")) and z € R™™) the actions of W on the generators are given

by

(3.9) S (h(h i) f] () = temio MOtz til g 4 ),

(3.10) S (tbst)) f] () = tem oMb p(gy

(3.11) (gl ) f] (z) = t|detalZ f(z'a),

(3.12) Or(on;e) f] (x) =t (det M)% / f(y) e~2mio(My'o) g,
R(m,n)

Let
Gi/\/l = GQ’M X Hlén’m)

be the semidirect product of G ug and HS™™. Then G 4 is a subgroup of
G}]\/t which is a two-fold covering group of the Jacobi group G”. The restric-
tion waq of Wy to GiM is called the Schrédinger- Weil representation of G
associated with M.

We denote by Li (R(m’”)) (resp. 2 (R(m’”))) the subspace of L? (R(m’"))
consisting of even (resp. odd) functions in L?(R(™ ™). According to Formulas
(3.10)—(3.12), Ro 1 is decomposed into representations of R;M

Rom = R3 0 @ Ry
where R; m and Ry 4 are the even Weil representation and the odd Weil rep-
resentation of G that are realized on L2 (R(™™) and L% (R(™™) respectively.
Obviously the center ffé‘] am of Gi am is given by
2 = {((2n,1),(0,0;5)) € GJ p( } = S(m,R).
We note that the restriction of waq to G aq coincides with Ro ¢ and waq(h) =
Wi (h) for all h e H{™™.

Remark 3.1. In the case n = m = 1, wpq is dealt in [1, 11]. We refer to [4, 8]
for more details about the Weil representation Ra 4.
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Remark 3.2. The Schrodinger-Weil representation is applied usefully to the
theory of Maass-Jacobi forms [13].

4. The automorphy factor J;,; of Takase

Let p be a rational representation of GL(n,C) on a finite dimensional com-
plex vector space V,. Let M € R(™™) be a symmetric half-integral semi-
positive definite matrix of degree m. Let C*°(H, m,V,) be the algebra of all
C* functions on H, ,, with values in V,. For f € C*°(H,, n,V,), we define

(4.1)

(flo.ml(g, A 1 £))D(Q, Z)

— —2mio(M(Z+AQ+p)(CQ+D)TICHZHAQ + 1))

e 2mio(MOAQA+2 A Z4 ktuth))

X €
x p(CQ+ D) f((AQ+ B)(CQU+ D) ' (Z+AQ+p)(CQ+ D)),
where g = (4 B) € Sp(n,R), (\, p;k) € HH%n’m) and (Q, Z) € Hy, .
Definition 4.1. Let p and M be as above. Let
Hé"’m) = {(A,u; K) € HH%n’m) | \u€ Zmn) | ke Z(m’m)}

be the discrete subgroup of H]é"’m). A Jacobi form of index M with respect
to p on a subgroup I' of I';, of finite index is a holomorphic function f €
C>° (Hy,,m, V,) satisfying the following conditions (A) and (B):

(A) flol3] = f for all 5 € T :=T x H™™,

(B) For each M € TI',, f|, m[M] has a Fourier expansion of the following
form:

(flo.mMIM])(Q,2Z) = Z Z ¢(T,R) - o o(TQ) | 2mio(RZ)

T=tT>0 ReZ(n,m)
half-integral

1 1

with a suitable Ap( 0) € Z and ¢(T, R) # 0 only if (Ag Af) > 0.

If n > 2, the condition (B) is superfluous by Kécher principle (cf. [35] Lemma
1.6). We denote by J, y((I") the vector space of all Jacobi forms of index M
with respect to p on I'. Ziegler (cf. [35] Theorem 1.8 or [2] Theorem 1.1)
proves that the vector space J, p(T') is finite dimensional. In the special case
p(A) = (det(A))* with A € GL(n,C) and a fixed k € Z, we write Jx (D)
instead of J, pm(T") and call k the weight of the corresponding Jacobi forms.
For more results about Jacobi forms with n > 1 and m > 1, we refer to
[20, 21, 23, 24, 35]. Jacobi forms play an important role in lifting elliptic cusp
forms to Siegel cusp forms of degree 2n (cf. [6]).

Definition 4.2. A Jacobi form f € J, pm(I') is said to be a cusp form if

a1
(ift}z j\f) > 0 for any T, R with ¢(T, R) # 0. A Jacobi form f € J, pm(T)
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is said to be singular if it admits a Fourier expansion such that a Fourier

. . +7T iR
coefficient ¢(T', R) vanishes unless det { 3T, ° = 0.
'R M

Remark 4.1. Singular Jacobi forms were characterized by a certain differential

operator and the weight by the author [23].

Without loss of generality we may assume that p is irreducible. Then we
choose a hermitian inner product (, ) on V, that is preserved under the unitary
group U(n) C GL(n,C). For two Jacobi forms fi and fs in J, m(T), putting

I'=Tx Hé"’m), we define the Petersson inner product formally by
42 g = [ 0RO 000 D) k(@ 7)o
r n,m

Here
(4.3) dv = (det V)~ D[aX] A [dY] A [dU] A [dV]
is a G”-invariant volume element on H,, » and

(4_4) HM(Q,Z) — 6747ria(t(ImZ)MImZ(ImQ)’l) _ 674m'a(tVMVY*1)

)

where Q = X +iY €H,, Z=U+iV € C™" X = (z;5), Y = (yi;), U =
(upt), V = (vi) real and

[dX] = N dwij, [dY]= N dyy, [dU]= )\ dux and [dV]= ) dvu.
i<j i<j k<l k<l
A Jacobi form f in J, p(T') is said to be square integrable if (f, f) < co. We
note that cusp Jacobi forms are square integrable and that (f1, f2) is finite if
one of f1 and f3 is a cusp Jacobi form (cf. [35], p. 203).
For g= (4 5) € G, we set

(4.5) J(g, Q) =CQ+ D, QeH,.
We define the map Jaq : G7 x H, ., — C* by
(4.6)

T (§ (Q Z)) — 6271-1'a(M[Z+)\Q+p](CQ+D)’IC) .6—2771'(7(/\/1(/\Qt)\+2)\tZ+n+ut)\))

where g = (g9,(A\, p;r)) € G7 with g = (4 B) € G and (\, ;) € Hﬂ({l’m). Here
we use the Siegel’s notation S[X]:= *XSX for two matrices S and X.
We define the map J, aq : G7 x H,, ., —> GL(V,) by

(47) JPaM(gv (QaZ)) = J./Vl(ga (Q’Z)) p(‘](gaﬂ))a

where § = (g,h) € G’ with g € G and h € Hﬂén’m). For a function f on H,
with values in V,,, we can lift f to a function ®; on G’

Ds(0) : = (flp.mlo]) (i, 0)
= Jp,M (Ua (ilna 0))71f(0'(ilm 0))’ o€ G’
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A characterization of ®; for a cusp Jacobi form f in J, ((I') was given by
Takase [15, pp. 162-164].
We allow a weight k to be half-integral. Let

6= {S e C™™ | § =15, Re(S) > 0}

be a connected simply connected complex manifold. Then there is a uniquely
determined holomorphic function det'/? on & such that

2
(4.8) (detl/QS) —detS forall S €6,
(4.9) det'/25 = (det $)'/2  for all S € & NR™™M,
For each integer k € Z and S € &, we put
k
deth/25 = (detl/QS) .

For brevity, we set G = Sp(n,R). We recall that for g = (4 8) € G and
Qe H,,
g-Q=(AQ+ B)(CQ+ D)%
For any g € G and Q, Q) € H,,, we put

Q' —g-Q O -Q
(4.10) e(g; Y, Q) = det ™12 (u) det!/? ( )

23 24
x | det J(g, )| 7Y/? | det J(g,Q)|71/2.
For each Q) € H,,, we define the function 8o : G Xx G — T by
(4.11) Bal(g1,92) = €(91;2,92()), 91,92 € G.

Then Bq satisfies the cocycle condition and the cohomology class of Sq is of
order two:

(4.12) Ba(g1,92)* = anlg2) an(g192) ' aal(gr),
where

det J (g, Q)
413 _ CetJLg.Y) G, QcH,.
(4.13) aq(9) detig ) Y€ €

For any Q) € H,,, we let
Gq = {(g,e) eGxT]| e = aQ(g)_l}
be the two-fold covering group with the multiplication law

(91, €1)(92, €2) = (9192, €162 Balgr, 92))-

The covering group G depends on the choice of Q € H,,, i.e., the choice of
a maximal compact subgroup of G. However for any two element 4, €
H,,, Ggq, is isomorphic to Ggq, (cf. [16]). We put

(414) G* = Gifn-
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Takase [16, p. 131] defined the automorphy factor J /5 : G x H, — C* by
(4.15) J1/2(9e, Q) = € te(g; Qi) | det J (g, )2,

where g, = (g,¢) € G, with g € G and Q € H,. It is easily checked that
(4.16) J1/2(geha, Q) = J1/2(gs, h-Q) 1 j2(hs, )

for all g. = (g,€), h« = (h,n) € G, and Q € H,,. Moreover

(4.17) J1/2(94, Q)% = det(CQ + D)

for all g, = (g9,¢) € G, with g = (4 B) € G.

Let 7. : G« — G be the projection defined by m.(g,e) = g. Let T be a
subgroup of the Siegel modular group I';, of finite index. Let 'y = 7 1(T') C G..
Let x be a finite order unitary character of I',. Let k € Z™ be a positive integer.
We say that a holomorphic function ¢ : H,, — C is a Siegel modular form of
a half-integral weight k/2 with level T' if it satisfies the condition

(4.18) D(ver Q) = X (1) 12 (v, D) FH(Q)

for all v, € T', and Q € H,, and is holomorphic at all cusps. We denote
by M, /5(I', x) be the vector space of all Siegel modular forms of weight &/2
with level I Let Sj/2(T', x) be the subspace of My /5(T', x) consisting of ¢ €
M, 2(T', x) such that

|p(€2)| det (Im ©)*/* is bounded on H,,.

An element of Sy /5(I', x) is called a Siegel cusp form of weight k/2. The Pe-
tersson norm on Sy /2(T', x) is defined by

wwaﬁﬂww%mmmmmm

where
dvg = (det V)~ "D [dX][dY]

is a G-invariant volume element on H,,.

Remark 4.2. Using the Schrodinger-Weil representation, Takase [17] established
a bijective correspondence between the space of cuspidal Jacobi forms and the
space of Siegel cusp forms of half integral weight which is compatible with the

action of Hecke operators. For example, if m is a positive integer, the classical
result (cf. [2, 5])

Tt (Fn) = Sp1/2(Do(4))
can be obtained by the method of the representation theory. Here I'g(4) is

the Hecke subgroup of the Siegel modular group T',, and J;"{"(T';,) denotes the
vector space of cuspidal Jacobi forms of weight m and index 1.
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5. Covariant maps for the Schrodinger-Weil representation

As before we let M be a positive definite symmetric m x m real matrix. We
keep the notations in the previous sections.
We define the mapping ) : H, ,, — L?(R(™™) by

(51) ﬁ(M)(Q,Z)(x) — eﬂio{M(mem+21tZ)}’ (Q,Z) c Hn,ma T R(m’n)

For brevity we put ﬁg(lj\;) = FM)(Q, Z) for (Q, Z) € H,, . Takase [15] proved
that G, a¢ is isomorphic to Gy, (cf. (3.6) and (4.14)). Therefore we will use
G, := Gy, instead of Ga a1.

We set

(5.2) G =G, x H"™.

We note that G acts on H, ,, via the canonical projection of G onto G.
We define the automorphy factor Jj, : G x H, , — C* for G on H,, m
by

(5.3) Jr(94, (2, 2)) = o™i 0 (M(ZHX Q) (C+D) 1O (Z+A Q+p) )

~ e*ﬂ"iO’(M()\Qt’AJrQAtZJrI{Jr,u.t'A)) {J1/2((g,€),ﬂ>}m

3

where 7. = ((g,¢), (A, 11: %)) € GY with g = (A ) € G, (A, j;w) € HY"™ and
(Q,2) e Hy -

Theorem 5.1. Let M be a positive definite symmetric m x m real matriz.
Then the map FM) : H,,,, — L? (R(m’”)) defined by (5.1) is a covariant
map for the Schrédinger- Weil representation waq of G7 and the automorphy
factor J, for G on H,, ,, defined by Formula (5.3). In other words, FM)
satisfies the following covariance relation

~ ~ [~ -1
(5.4) wm(@)ZER = e(@) T (e (0, 2)) " ZE 00 )

for all . € G and (,Z) € H, . Here c(g«) is the constant determined
uniquely by gx.

Proof. For an element g, = ((g,€), (\, ;%)) € G with g = (4 B) € Sp(n,R),
we put (Qy, Zy) = g« - (Q, Z) for (Q,Z) € H,, ,,. Then we have

D =g-Q=(AQ+ B)(CQ+ D)™,
Ze=(Z+ A0+ p)(CQ+ D)L

In this section we use the notations ¢(b) and o, in Section 3. Since the following
elements h(\, p; k), t(b;e) and oy, of G defined by

hh i £)e = ((Ian, €), (A, i £)) - with e = 1, A, p e R™™ 5 e RO,
t(bse) = ((t(b),e),(0,0;0)) withe==+1, be S(n,R),
One = ((on,€),(0,0;0)) with € = (—i)".
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generate the group G, it suffices to prove the covariance relation (5.4) for the
above generators.

Case I. g, = h(\, p; k) with e = £1 and A\, up € RO™™) | 5 € ROWm),
In this case, we have

Qe=9Q, Zi=Z+XQ+p.
We put
h(X, 3 6) 4 = ((T2n, 1), (A, 5 5))
and
A w3 5) = o= ((Tan, —1), (A, g3 ).
It is easily seen that according to Formula (4.15), we obtain

Ji2((I2n,1),Q) =1 and  Jy/o((Izn, —1),Q) = —1.
Therefore we get
(5.5) T (RN, 3 5) 1, (2, Z)) = o~ T {MOAQIAF2 A Z+rtp N}
and
(5.6) Tia (RO 3 8) =, (9, 2)) = —e~mio{MA QIA+2X Zntp )}
According to Formulas (2.4), (3.8) and (3.9), for x € R(mn)

M
[wre(hO i 0)+) 257 (@)
_ ewia{M(nJr,ut/\nLth,u)}ggg(z{‘g) (1. + )\)

_ eﬂ'iG'{M(R-HL A2z tu)} eﬂ'ia{M((m-{-A)Q a4+ N)+2 (z+N) £2)} )

On the other hand, according to Formula (5.5), for z € R(™™),

. —1 M
Tia (B s 1) 4, (2, 2)) 7 ZE0, 4 (@)

* -1 (M
= Tia (O i 1)4, (2, 2) 7 ZE7 0 (@)
eﬂ'ia{M(/\Q AN+2AN'Z+Kr+pN)]) eﬂ'icr{./\/l(:n Qtz 4+ 22 (Z4+2Q+u))}

— T o {M(ktp A2zt u)} e c{M(z+N)Q (z+N)+2 (z+N) 2)} )

Therefore we prove the covariance relation (5.4) in the case g, = h(A, p; £) .

Similarly we can prove the covariance relation (5.4) in the g, = h(\, ;) —.
In fact, according to Formulas (2.4), (3.8), (3.9) and (5.6), we obtain the fol-
lowing covariance relation

M
[ (O 0) ) 25| (@)
— eﬂ'ia{./\/l(n-l—utk—i&ztu)} eﬂ'ia{M((m-{-A)Qt(z—i-A)—i-Q(m-i—)\)tZ)}

* -1 M
= Tia(hO\ 1) =, (2, 2)) 7 Z0, ().

Case II. g, = t(b;¢) with e = £1 and b € S(n,R).
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In this case, we have

Q. =Q+b and Z.=7Z7.
We put

t(b)+ = ((t(b),1),(0,0;0))
and

t(b)— = ((t(b),—1),(0,0;0)).
It is easily seen that

Jia((t(0),1),Q2) =1 and  Jy/5((t(b),—1),Q) = —1.

Therefore we get
(5.7) T (t(0)4,(2,2)) =1 and  Jr(t(b)—,(Q, Z)) = —1.
According to Formulas (3.8) and (3.10), we obtain

M TiOo zblx M m,n
[wM (t(b)+)ﬁé7z)] (x)=e¢ (Mab )ﬁéz)(a}), z € R™™),
On the other hand, according to Formula (5.7), for z € R("™™ we obtain

% -1
Tia(t®) 1, (2, 2) " F00 @) = FE @)

_ 67”' G‘(M (:c(Qer) tet2zx tZ))
Tio zblx M
_ grio(Mab )§é7z)(x)_
Therefore we prove the covariance relation (5.4) in the case g. = ¢(b)+ with
be S(n,R).
Similarly we can prove the covariance relation (5.4) in the g, = ¢(b)_. In
fact, according to Formula (5.7), we obtain the following covariance relation

[om (1)) 259 (2) = —em 17 200 ()
* —1
= T (), (2, 2)) 91((?,;3.(9,2)(%)-

Case IIL. g, = ((on,€),(0,0;0)) with o, = ([On ~{r) and €2 = (=)™
In this case, we have

Q.=-09! and Z. =20 L.

In order to prove the covariance relation (5.4), we need the following useful
lemma.

Lemma 5.1. For a fized element Q € H,, and a fized element Z € C"™™) we
obtain the following property

) . P Q
(5.8) / e io@ Qe 28 ) g A = (det —,)
R(m,n) 7

where x = (z;;) € R(™™),

_m
2 ) 1t
—mio(ZQ Z)

e b)
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Proof of Lemma 5.1. By a simple computation, we see that

emio(eQ a 420 Z) _ e—m‘a(zsr“z) .ema{(zJFZQ*I)Qf(HZQ*l)}

Since the real Jacobi group Sp(n,R) x Hﬂé"’m) acts on H, ., transitively and
holomorphically, we may put

Q=iAA, Z=iV, AcRM™  V=(v;)eRm",

Then we obtain
. t t
/ eﬂ'za(mﬂ 42z Z)dm11 o dTom
R(m n)

_ efwi o(ZzQ 1t 2) / Wza[{erzV(zA AT GAA) e +iV (A TA) Y] dzi1 -+ dZon
R(m,n)

_ efwia(Zﬂfl t7) / wza[{erV( AT A A 2V (ATA) Y dxyy - -

m,n)

- dZmn

=

— o mio(207 " 2) / e~ mo{(ud) (ud)} duiy - dumn
R(m,n)
(put u=z+V(A'A)™" = (u;;))
= ¢ mio(227"2) e ) (det A) ™™ dwiy - dwg,

R(m.n)
(put w=ud = (wy;))

_ efwi a(ZQ*1 tZ detA H H/ le] d’LUZJ
1=17=1
= g~ mio(29772) (det A)~™  (because / e~ dwij =1 forall4,j)
R

m
2

_ efm'a(ZQ*1 t7) (det (A tA))*

_ e—TriO'(ZﬂiltZ) (det (g)) )
(3

This completes the proof of Lemma 5.1. O

According to Formulas (3.8) and (3.12), for € R(™™) | we obtain
~ M
[“M (9*)9}(2,2)} ()

=€ (detM)E /R(m . ﬁé/\g)(y) e~2mio (My ””)dy

w3

€ (det M) / emio{MyQ'y+2y*2)} €—2ma(/v1yfz)dy
R(m.n)

w3

e (det M) / eria{Muey+2y (@)} g,
R(m,n)
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If we substitute u = M2 y, then du = (det M)% dy. Therefore according to
Lemma 5.1, we obtain

[wm(@) 757 (@)

/ erio(uQtut2 M2 ut(Z-2)) (det M) ™% du
R(m.n)

w3

M)

€ (det
— 6/ eﬂia(uﬂtu—i-Qut(Ml/z (Z—m))) du
R(m,n)

Q 7% . 1/2 —1 1/2
=€ | det —,) e mioAM P (Z=a) Q7 (Z—a) M7} (by Lemma 5.1)
i

m

— Z% (det Q>_ 2 efﬂ'ia(M (Zz—z)Q ! t(Zfz))

€ i”;"’ (det Q)*% e*ﬂ'ia(M(ZQ*l tZ4aeQ e —22071 tm))

On the other hand,
J1/2((Una 6)3 Q)

— 6_1 det—l/Q <U g (’L )) detl/Q ( (7/ )) |J(O’n,'LIn>| 1/2

21 21
— 1 det—1/2 QN (Q—il) det!/2 Q — (iln)
21 21

= e tdet 2 (1Q7Y)
1 n/2

=t <—> (det Q)1/2.
2

Therefore, according to Formula (5.3), for « € R(™7) we obtain

* ~ -1 M
I (g*,(Q,Z)) a\g(*-(zz,z)(x)

—Tio it -m M
=€ (MZQ 2) Jl/?((anae)aQ) yﬁgz—)17ZQ71 ((E)
— m Z% (detQ)_% efﬂ'ia'(./\/l zZQ ttz) ewia{/\/((x(7§271)t1+2xt(Z971)>}
— m Z-”;"’ (detQ)7% efﬂ'icr(/\/((ZQ*l Z4azQ 22071 tm))

Hence we prove the covariance relation (5.4) in the case g. = ((oy,€), (0,0;0))
with €2 = (—i)". Since J}, is an automorphy factor for G/ on H,, ,,, we see
that if the covariance relation (5.4) holds for two elements g, h, in G/, then
it holds for §*E* Finally we complete the proof. [

Let (7, Vy) be a unitary representation of G on the representation space
Vz. Let ' be an arithmetic subgroup of the Siegel modular group I';,,. We set
I, = 7, 1(T') and

J_ (n,m)
') =T.x H,""™.
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We assume that (7, V) satisfies the following conditions (A) and (B):

(A) There exists a vector valued map

F Hypm — Ve, ,2)— Faz:=FQ,2Z)

satisfying the following covariance relation
(5.9)

~ ~ ~ —1 ~ J
7"'(g*)fg.Q,Z = "/’(g*) Ji (g*a (Qa Z)) yg*-(sz,z) for all g. € G, (Qa Z) € Hy,m,
where 1) is a character of G and J, : G xH,, ,,, — C* is a certain automorphy
factor for G;{ on H,, p,.

(B) There exists a linear functional 6 : V; — C which is semi-invariant
under the action of I'/, in other words, for all 3, € '/ and (Q, Z) € H,, 1,

(5.10) (7*(3.)0, Fa,z) = (0,7(F) " Faz) = x(3.) (6, Faz),

where 7* is the contragredient of 7 and y : I'/ — T is a unitary character of
ro.

Under the assumptions (A) and (B) on a unitary representation (m, V), we
define the function © on H,, ,, by

(5.11) 0(Q,2) = (0, Zqz)=0(Faz), (Q,2)€Hmn.

We now shall see that © is an automorphic form on H, ,, with respect to
I'/ for the automorphy factor J,.

Lemma 5.2. Let (7, V) be a unitary representation of G satisfying the above
assumptions (A) and (B). Then the function © on H, ,, defined by (5.11) sat-
isfies the following modular transformation behavior

@(ﬁ* (,2)) = 1/1(%) J(F+, (0, 2)) ©(2, Z)
for all 5. € T and (Q,Z) € Hy -

—1 —1

X (%+)

Proof. For any 7, € I'/ and (2, Z) € H,, , according to the assumptions (5.9)
and (5.10), we obtain

0 (2,2)) = (0, F5..0,2))
= (0,0(3) " (G, (Q.2)) 7(7) Faz )
= () Gy (2, 2)) (0,7(7.) Faz )
= () X)L (3 (2,2)) (0, Tz )
= (7)) X(F) T (e (2,2) 60, 2). 0

Now for a positive definite integral symmetric matrix M of degree m, we
define the holomorphic function © ¢ : H,, ,,, — C by

(512) GM(Q; Z) — Z eﬂ'ia’(/\/l(ffz tEJr?ffrZ)), (Q, Z) c Hn,m-
geZ(nL,n)

1
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Theorem 5.2. Let m be an odd positive integer. Let M be a symmetric positive
definite integral matrix of degree m such thatdet M = 1. Let T be an arithmetic
subgroup of I, generated by all the following elements

w=5 1) sa=(g ) w=(L )
where b = 'b € S(n,Z) with even diagonal and o € GL(n,Z). Then for any
« €T, the function © ¢ defined by (5.12) satisfies the functional equation
OMm (T (2 2)) = pa(3e) Tpg (Fes (0, 2)) O (R, Z), (R, Z) € Hyppm,
where Ji, : G xH,, ., — C* is the automorphy factor for G onH,, ,, defined

by the formula (5.3) and paq is the character of T determined uniquely by the
following formulas

(((IQna >\ y s K
(((IQna 1 )‘ s 1y R

K)))
K)))
(0,0;0)))
)))
)

e Mo (M(rtu ') ity A\, 1, & integral,

—mio(M(k+ptN))

—e with A, u, k integral,

pm (((¢(b) ,1) =1 with b € S(n,Z) even diagonal,
(((t(b), 1),(0,0;0))) = —1 with b € S(n,Z) even diagonal,
pm(((g(e),€),(0,0;0))) = €™ (det a)® with a € GL(n,Z), € = 1, +i,

@)

pm(((0n,€),(0,0;0))) = m(—z)% with €2 = (—i)".

Proof. The assertion follows from Theorem 5.1 and Lemma 5.2. We leave the
detail to the reader. O
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