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Abstract. The Siegel-Jacobi space is a non-symmetric homogeneous space
which is very important geometrically and arithmetically. In this paper, we
discuss the theory of the geometry and the arithmetic of the Siegel-Jacobi
space.
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1. Introduction
For a given fixed positive integer n, we let

H,={QeC™ | Q=" ImQ>0}
be the Siegel upper half-plane of degree n and let

Sp(n,R) = {M € R*™2) | ‘AL J M = J, }

be the symplectic group of degree n, where F*) denotes the set of all k x [
matrices with entries in a commutative ring F' for two positive integers k and I,
‘M denotes the transposed matrix of a matrix M and

0o I,
= (1.
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Then Sp(n,R) acts on H,, transitively by
M-Q=(AQ+ B)(CQ+ D)™, (1.1)

where M = (A B

c D) € Sp(n,R) and Q € H,,. Let

C D

be the Siegel modular group of degree n. This group acts on H, properly dis-
continuously. C.L. Siegel investigated the geometry of H,, and automorphic forms
on H,, systematically. Siegel [57] found a fundamental domain F,, for I',\H,, and
described it explicitly. Moreover he calculated the volume of F,,. We also refer to
[23], [38], [58] for some details on F,.

For two positive integers m and n, we consider the Heisenberg group
Hﬂé"’m) ={(\mr)| A\pe R™™ e RO™™) k4 ;'\ symmetric }
endowed with the following multiplication law

(Apsr)o (N, p'sw) =N+ N, p+ps 6+ 5 + X0 = p'X)

I, = Sp(n,7Z) = {(A B) € Sp(n,R) | A, B,C, D integral }

with ()\, 145 n), (X, w'; n’) € Hﬂén’m). We define the Jacobi group G of degree n and
index m that is the semidirect product of Sp(n,R) and Hﬂ(g"’m)
G’ = Sp(n,R) x H™™
endowed with the following multiplication law
(M, (A k) - (M, (N ws6)) = (MM, (AN, i+ g5+ 8+ X — 5\))

with M, M’ € Sp(n,R), (A, p; ), (N, /s &7) € HS™™ and (A, i) = (A, ) M’. Then
G’ acts on H,, x C™™ transitively by

(M, (A i) - (2,2) = (M- Q. (Z+ 202+ w)(C€Q+ D)), (1.2)
where M = c p)€ Sp(n,R), (A, p; k) € Hy and (2, Z) € H,, xC\"™™, We

note that the Jacobi group G” is not a reductive Lie group and the homogeneous
space H,, x C(™™ is not a symmetric space. From now on, for brevity we write
Hym = H, X C(mn) The homogeneous space H,, ., is called the Siegel-Jacobi
space of degree n and index m.

The aim of this paper is to discuss and survey the geometry and the arith-
metic of the Siegel-Jacobi space Hj, ,,,. This article is organized as follows. In Sec-
tion 2, we provide Riemannian metrics which are invariant under the action (1.2)
of the Jacobi group and their Laplacians. In Section 3, we discuss G”-invariant
differential operators on the Siegel-Jacobi space and give some related results.
In Section 4, we describe the partial Cayley transform of the Siegel-Jacobi disk
onto the Siegel-Jacobi space which gives a partially bounded realization of the
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Siegel-Jacobi space. We provide a compatibility result of a partial Cayley trans-
form. In Section 5, we provide Riemannian metrics on the Siegel-Jacobi disk which
is invariant under the action (4.8) of the Jacobi group G/ and their Laplacians
using the partial Cayley transform. In Section 6, we find a fundamental domain
for the Siegel-Jacobi space with respect to the Siegel-Jacobi modular group. In
Section 7, we give the canonical automorphic factor for the Jacobi group G which
is obtained by a geometrical method and review the concept of Jacobi forms. In
Section 8, we characterize singular Jacobi forms in terms of a certain differential
operator and their weights. In Section 9, we define the notion of the Siegel-Jacobi
operator. We give the result about the compatibility with the Hecke—-Jacobi op-
erator. In Section 10, we differentiate a given Jacobi form with respect to the
toroidal variables by applying a homogeneous pluriharmonic differential operator
to a Jacobi form and then obtain a vector-valued modular form of a new weight.
As an application, we provide an identity for an Eisenstein series. In Section 11,
we discuss the notion of Maass—Jacobi forms. In Section 12, we construct the
Schriodinger—Weil representation and give some results on theta sums constructed
from the Schrédinger—Weil representation. In Section 13, we give some remarks
and propose some open problems about the geometry and the arithmetic of the
Siegel-Jacobi space.

Notation. We denote by Q, R and C the field of rational numbers, the field of real
numbers and the field of complex numbers respectively. We denote by Z and Z*
the ring of integers and the set of all positive integers respectively. The symbol
“:=" means that the expression on the right is the definition of that on the left.
For two positive integers k and [, F**!) denotes the set of all k x [ matrices with
entries in a commutative ring F. For a square matrix A € F**) of degree k, o(A)
denotes the trace of A. For any M € F® '\ denotes the transpose of a matrix
M. I,, denotes the identity matrix of degree n. For A € F®0 and B € F*:%) | we
set B[A] = 'ABA. For a complex matrix A, A denotes the complex conjugate of
A. For A € C®) and B € C*F) | we use the abbreviation B{A} = *ABA. For a
number field F', we denote by Ap the ring of adeles of F. If F' = Q, the subscript
will be omitted.

2. Invariant metrics and Laplacians on the Siegel-Jacobi space

For Q = (w;;) € H,,, we write Q = X +4Y with X = (x;5), Y = (y;) real. We put
dQ = (dw;;) and dQ = (dw;;). We also put

0 _ 1+46;; O and 0 _ 1+6;; O
89 a 2 80.)2’]' 39 o 2 &uij '

C.L. Siegel [57] introduced the symplectic metric ds,. , on H,, invariant under the
action (1.1) of Sp(n,R) that is given by

ds?. y=Ao(Y'dQY™ldQ), A>0 (2.1)
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and H. Maass [37] proved that its Laplacian is given by

4 tr o\ o
ra=ta(V(r2) ). 22
And
dv, (Q) = (det V)~ [T dai; [[  dis (2.3)
1<i<j<n 1<i<j<n

is a Sp(n,R)-invariant volume element on H,, (cf. [59], p. 130).
For a coordinate (Q,2) € H, , with Q = (wu) and Z = (z), we put
dQ, dQ, 2, 2 as before and set

LI ORRTe)
Z =U +1iV, U= (ur), V= (vi) real,
Az = (dzkl), dzZ = (dzkl),

13} 13} o 13}
9 Oz11 77 Ozma 9 82.11 ’ 3Z.m1
=1 : SR I =1 : L
0z 1] 1] 9z o o
Oz1n e Ozmn 9z1n e Ozmn

Yang proved the following theorems in [71].
Theorem 2.1. For any two positive real numbers A and B,

ds2 mnp = Aa(y—ldQ Y—ldQ)
+ B {U(Y_ltVVY_ldQ Y—ldQ) + a(Y—“(dZ) dz)

- a(v y-laoy-1 t(dZ)) - a(v Y-ldQy —14(dz) )}
is a Riemannian metric on H,, ,, which is invariant under the action (1.2) of G’.
In fact, ds?, .4 5 is a Kaihler metric of Hy m.
Proof. See Theorem 1.1 in [71]. O

Theorem 2.2. The Laplacian Ay m.ap of the G”-invariant metric ds, . 4 p is
given by

4 4
Anm"L;A7B = A IMll + BM2> (24)
where
¢ 0 0 1t ¢ 0 0
M, —J(Y (Ym) aQ)—l—cT(VY V<Y8Z) 32)
¢ 0 0 p ¢ 0 0
o (V7o) 0z) 7 (V (Y 52) on)
and

M= ”(Yaazt@z))'
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Furthermore My and My are differential operators on H, ., invariant under the
action (1.2) of G”.

Proof. See Theorem 1.2 in [71]. O

Remark 2.1. Erik Balslev [2] developed the spectral theory of Aq .11 on Hj ; for
certain arithmetic subgroups of the Jacobi modular group to prove that the set of
all eigenvalues of Aj 1,11 satisfies the Weyl law.

Remark 2.2. The sectional curvature of (H; 1, dsil;AyB) is — 3 and hence is inde-
pendent of the parameter B. We refer to [76] for more detail.

Remark 2.3. For an application of the invariant metric dsfl’m; a5 we refer to [79].

3. Invariant differential operators on the Siegel-Jacobi space

Before we discuss GY-invariant differential operators on the Siegel-Jacobi space
H,, m, we review differential operators on the Siegel upper half-plane H,, invariant
under the action (1.1).

For brevity, we write G = Sp(n,R). The isotropy subgroup K at il,, for the
action (1.1) is a maximal compact subgroup given by

B A

Let ¢ be the Lie algebra of K. Then the Lie algebra g of G has a Cartan decom-
position g = £ @ p, where

K= {(A >’AtA+BtB_In, A'B = B'A, ABER("")}

X n,n
92{(x§, tX)\Xl,Xg,Xselw )Xo =X, sttxs},

X -Y
_ (2n,2n)
{5 %)<

p:{(X Y)‘X X, Y = fYXYeRWU}.

LX + X =0, Y:tY},

Y

The subspace p of g may be regarded as the tangent space of H,, at ¢I,,. The
adjoint representation of G on g induces the action of K on p given by

k-Z=kZ'%, kecK, Zcy. (3.1)

Let T, be the vector space of n x n symmetric complex matrices. We let
U :p — T, be the map defined by

\If((‘i,( _§()>:X+z'Y, <‘;{ _};()ep. (3.2)

We let § : K — U(n) be the isomorphism defined by

5((2 _AB)>:A+z‘B, (é _AB>6K, (3.3)
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where U(n) denotes the unitary group of degree n. We identify p (resp. K) with
T, (resp. U(n)) through the map ¥ (resp. §). We consider the action of U(n) on
T, defined by

h-w= hw'h, heU(n), wecT,. (3.4)
Then the adjoint action (3.1) of K on p is compatible with the action (3.4) of U(n)
on T, through the map W. Precisely for any k£ € K and Z € p, we get

Uk Ztk) = 5(k) U (Z) (k). (3.5)

The action (3.4) induces the action of U(n) on the polynomial algebra Pol(T;,)
and the symmetric algebra S(T;,) respectively.

We denote by Pol(T,,)V™ (resp. S(Tn)U(”)) the subalgebra of Pol(T},)

resp. S(T,) ) consisting of U(n)-invariants. The following inner product ( , )

on T, defined by
(ZW)=1t(ZW), ZWEeT,

gives an isomorphism as vector spaces

T.2T), Zw— fz, ZeT,, (3.6)
where T,¥ denotes the dual space of T,, and fz is the linear functional on T,
defined by

fz(W)=W,Z), W eT,.

It is known that there is a canonical linear bijection of S(T},) onto the alge-
bra D(H,,) of differential operators on H,, invariant under the action (1.1) of G.

Identifying T, with T;* by the above isomorphism (3.6), we get a canonical linear
bijection

U(n)

0, : Pol(T,,)V™ — D(H,,) (3.7)

of Pol(T},,)V (™ onto D(H,,). The map ©,, is described explicitly as follows. Similarly
the action (3.1) induces the action of K on the polynomial algebra Pol(p) and the
symmetric algebra S(p) respectively. Through the map ¥, the subalgebra Pol(p)%
of Pol(p) consisting of K-invariants is isomorphic to Pol(T},)Y(™. We put N =
n(n+1). Let {£4] 1 < a < N} be a basis of a real vector space p. If P € Pol(p)¥,

then
N
P (3815a> f <gexp (Z ta§a> K)] : (3.8)

(ta):0
where f € C*°(H,,). We refer to [20, 21] for more detail. In general, it is hard to
express ®(P) explicitly for a polynomial P € Pol(p)¥.

According to the work of Harish-Chandra [18, 19], the algebra D(H,,) is gen-
erated by n algebraically independent generators and is isomorphic to the commu-
tative algebra C[z1, ..., z,] with n indeterminates. We note that n is the real rank
of G. Let g¢ be the complexification of g. It is known that D(H,,) is isomorphic to
the center of the universal enveloping algebra of gc.

(€n(P)) (9K) =
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Using a classical invariant theory (cf.[22, 61], we can show that Pol(T},)V (™
is generated by the following algebraically independent polynomials

qj(w):tr((ww)j), weT,, j=12,...,n. (3.9)

For each j with 1 < j < n, the image ©,,(¢;) of ¢; is an invariant differential
operator on H,, of degree 2j. The algebra D(H,,) is generated by n algebraically
independent generators ©,,(q1),0,(g2), .. .,O0,(g,). In particular,

t
0\ 0
On(q1) = citr <Y <Y8§2> 89) for some constant c;. (3.10)
We observe that if we take w = z+ iy € T, with real x,y, then ¢1(w) = ¢1(z,y) =
tr(z? +y?) and
2
@2(w) = @(z,y) = tr((x2 +y2)" + 2z (zy — yfc)y)~

It is a natural question to express the images ©,(q;) explicitly for j =
2,3,...,n. We hope that the images 0,,(¢;) for j = 2,3,...,n are expressed in the
form of the trace as ®(q1).

H. Maass [38] found algebraically independent generators Hy, Ho, ..., H, of
D(H,,). We will describe Hy, Ha, ..., H, explicitly. For M = (é, IB;) € Sp(n,R)
and Q = X 4+¢Y € H,, with real X,Y, we set

Q.= M-Q= X, + iV, with X,,Y, real.

We set
0 . 0
K—(Q—Q)aQ _2ZY89’
A= (Q-Q) 0 gy ? ,
0N 0N
0 _ 0
K. = (Q* _Q*)aQ* = QZY*ag*,
A= (2 — Q) 0 _ 21Y, 0
00 0,
Then it is easily seen that
K,="CQ+D)"""{(CQ+D)'K}, (3.11)
A, =YCQ+ D) " H{(CQ+D)'A} (3.12)
and
t ¢ t n+1 t
{(CQ+D) A} = A" (CQ+ D) — (Q—Q) C. (3.13)

Using Formulas (3.11), (3.12) and (3.13), we can show that

t t
ALK, + ”;IK* =HCca+ D)t {(CQ+D) <AK + ";11()}. (3.14)
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Therefore we get

1 1
tr<A*K* + ”; K*> - tr(AK + ”‘; K). (3.15)
We set )
AN — AR + ”;F K. (3.16)

We define AU) (j =2,3,...,n) recursively by

AG) — 4 4G _ “;Fl AAG-D 4 ;Atr<A(j_1))

. ) » | (3.17)
+,(Q-9) {(Q—Q) t(fAtAU—l))}.

We set ‘
Hj = tr(A(])), j=1,2,...,n. (3.18)

As mentioned before, Maass proved that Hy, Hs, ..., H, are algebraically inde-
pendent generators of D(H,,).

In fact, we see that

== au(y (v 2)? (3.19)
1 — =2n;l — 90 o0 . .

is the Laplacian for the invariant metric dsfu1 on H,.

Example 3.1. We consider the case when n = 1. The algebra Pol(T1)Y (" is gener-
ated by the polynomial

q(w) =ww, w=uz+ iy € C with z,y real.
Using Formula (3.8), we get

02 o
— A2
Therefore D(H;) = C[©1(q)] = C[Hi].

Example 3.2. We consider the case when n = 2. The algebra Pol(Tg)U(z) is gener-
ated by the polynomial

g1 (w) = U(ww), g2(w) = U((ww)Q), we Ty,

Using Formula (3.8), we may express O2(q1) and O3(g2) explicitly. ©2(qy) is
expressed by Formula (3.10). The computation of ©2(g2) might be quite tedious.
We leave the detail to the reader. In this case, ©3(g2) was essentially computed in
[11], Proposition 6. Therefore

D(H;) = C[O2(q1), O2(q2)] = C[Hq, Ha).
In fact, the center of the universal enveloping algebra % (gc) was computed in [11].

G. Shimura [56] found canonically defined algebraically independent genera-
tors of D(H,,). We will describe his way of constructing those generators roughly.
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Let Kc, gc, tc,pc, ... denote the complexication of K, g, ¢, p,... respectively.
Then we have the Cartan decomposition

gc= tc+pc, pc= pd+pc
with the properties
lec.pE] CpE,  [pd.pd] = Ipc.pc) = {0},  [pd.pc] = tc,

where
gc = {(?é _tX;l) ‘ X1, X5, X5 € C" | Xy =X, X3="X; }7
tc = {(é _f> eClPn2) | t44 A=0, B= tB},
pc = {Gf _3;() eCltmM | X =1X,Y = tY},
pl = {(@ZZ iZZ> e Cln | 7 = tz ¢ c(mm) },

Z —iZ
- _ (2n,2n)
Pec = {(—iZ —Z) €C

For a complex vector space W and a nonnegative integer r, we denote by
Pol,. (W) the vector space of complex-valued homogeneous polynomial functions
on W of degree r. We put

7=tz eccmm }

Pol" (W) := XT: Pols(W).
s=0

ML, (W) denotes the vector space of all C-multilinear maps of Wx- - - x W (r copies)
into C. An element Q of ML,.(W) is called symmetric if

Q('rh ce ,l'r) = Q(I‘n’(l)a tee a'r‘n'(T))
for each permutation = of {1,2,...,7}. Given P € Pol,.(WW), there is a unique
element symmetric element P, of ML,.(W) such that

P(z) = Pi(z,...,z) for all z € W. (3.20)
Moreover the map P + P, is a C-linear bijection of Pol, (W) onto the set of all
symmetric elements of ML,.(W). We let S,.(WW) denote the subspace consisting of

all homogeneous elements of degree r in the symmetric algebra S(W). We note
that Pol,.(W) and S, (W) are dual to each other with respect to the pairing

(a, 21+ @) = w1, .., ) (z; € W, « € Pol,.(W)). (3.21)

Let p be the dual space of pc, that is, p& = Poli (pc). Let {X1,..., Xn} be a
basis of pc and {Y1,...,Yn} be the basis of pf dual to {X, }, where N = n(n+1).
We note that Pol.(pc) and Pol,.(p¢) are dual to each other with respect to the
pairing

(0. 8) =Y on(Xiy,. o, X)) Bu(Yay, ., Vi), (3.22)
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where a € Pol,(pc), B € Pol.(pg) and (i1,...,%,) runs over {1,...,N}". Let
% (gc) be the universal enveloping algebra of gc and P (gc) its subspace spanned
by the elements of the form V; - .-V with V; € gc and s < p. We recall that there
is a C-linear bijection ¢ of the symmetric algebra S(gc) of gc onto % (gc) which
is characterized by the property that ¢(X") = X" for all X € g¢. For each
a € Pol,(pg) we define an element w(a) of % (gc) by

=Y o (Yi, .. Vi) Xy o X (3.23)

where (i1,...,4,) runs over {1,...,N}". If Y € pc, then Y" as an element of
Pol,(p¢) is defined by

Y (u
Hence (Y7).(uq,... Ur) =
a3 t;Y;) = P(th,....tn) fo

Y (u)" for all u € pg.

)
Y(up) Y (u.). According to (2.25), we see that if
ort; € C Wlth a polynomial P, then

w(a) = Y(P(X1,..., Xn)). (3.24)

Thus w is a C-linear injection of Pol(p¢) into % (gc) independent of the choice of
a basis. We observe that w(Pol,(pz)) = (S, (pc)). It is a well-known fact that if
Qi,..., 0y € Pol(pg), then

wlog - ) — wla) - wlay) € %" (ac). (3.25)
We have a canonical pairing
(', ):Poly(pf) x Pol,(pg) — C (3.26)
defined by
=S K K ) (T Vi), (3.27)

where f, (resp. g*) are the unique symmetric elements of M1, (p¢) (resp. ML, (pg)),
and {)?1, .. .,)?N} and {171, cee 171;,} are dual bases of pl and pg with respect to
the Killing form B(X,Y) = 2(n+ 1)tr(XY), N = "(n2+1), and (i1,...,4,) Tuns
over {1,...,]\~/'}T.

The adjoint representation of K¢ on p% induces the representation of K¢ on
Polr(pfct). Given a Kc-irreducible subspace Z of Pol,(pl), we can find a unique

Kc-irreducible subspace W of Pol,(pg) such that Pol,(pg) is the direct sum of

W and the annihilator of Z. Then Z and W are dual with respect to the pairing

(3.26). Take bases {(1,...,(:} of Z and {&,...,&.} of W that are dual to each
other. We set

ry) =Y @) &) (wepd, yepo) (3.28)

It is easily seen that fz belongs to Poly,.(pc)® and is independent of the choice
of dual bases {(,} and {&,}. Shimura [56] proved that there exists a canonically
defined set {71, . .., Z,, } with a K¢-irreducible subspace Z,. of Polr(p(‘c") (1<r<n)
such that fz,,..., fz, are algebraically independent generators of Pol(pc)X. We
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can identify p(‘{ with T,,. We recall that T, denotes the vector space of n x n
symmetric complex matrices. We can take Z, as the subspace of Pol,.(T;,) spanned
by the functions f,.(Z) = det,(*aZa) for all a € GL(n,C), where det,(z) denotes
the determinant of the upper left r x r submatrix of x. For every f € Pol(pc)¥,
we let Q(f) denote the element of D(H,,) represented by w(f). Then D(H,,) is the
polynomial ring Clw(fz,),...,w(fz,)] generated by n algebraically independent
elements w(fz,),...,w(fz,)-

Now we investigate differential operators on the Siegel-Jacobi space H,, m
invariant under the action (1.2) of G”7. The stabilizer K/ of G’ at (il,,0) is
given by

K= {(k’(0’05”)) | ke K, k= "reRmm }

Therefore H,, x C(™™) =~ G /K7 is a homogeneous space which is not symmetric.
The Lie algebra g7 of G“ has a decomposition

o/ =/ +p7,
where
g’/ = {(Z, (P,Q,R))| Z€g, P,QeR™, R='ReR™ }’
EJ = {(X7 (0707R)) ‘ X EB, R = tReR(mm'L) }7

pJ: {(Yv(PanO)) | Y ep, P,QER(m’") }

Thus the tangent space of the homogeneous space H,, x C"™") at (iI,,0) is iden-
tified with p”.

Ifa= (()Z(ll _3}1) ,(P1,Q1le)> and 8 = ((jz(j _§2> 7(P2>Q2>R2))

are elements of g’, then the Lie bracket [a, 3] of a and 3 is given by

ail= (3 ) Penm). (3.29)

where
X" =X1Xo - Xo X1+ Y125 - Yo7y,
Y= X1 Ya — XoY; + Yo !X, — ¥, X,
7" =71 Xo — Zo X1 + XoZ1 — X125,
P* =P Xy — P X1+ Q122 — Q271
Q" = PYs — PY1 + Q2'X1 — Q1 Xy,
R =P'Q:—P,'Q1+Q2"Pr — Q1 'P,

Lemma 3.1.

/el cel, el cp’.
Proof. The proof follows immediately from Formula (3.29). O
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k= ((g _f) ,(0,0,n)) e K’

with <A _B) €K, k= "tk e RO qnd

B A
(K)o e

with X = 'X, Y = 'Y e R P,Q € R Then the adjoint action of K’
on v’ is given by

Lemma 3.2. Let

Ad(k )or = ((‘)Y( _5)/() ,(P*,Q*,O)) , (3.30)
where

X.=AX"A— (BX'B+ BY 'A+ AY 'B), (3.31)
Y, = (AX ‘B4 AY A+ BX tA) — BY 'B, (3.32)
P,=P'A-Q'B, (3.33)
Q.=P'B+Q'A. (3.34)
Proof. We leave the proof to the reader. O
We recall that T;, denotes the vector space of all n x n symmetric complex
matrices. For brevity, we put T, = T, X C(mn) We define the real linear

isomorphism @ : p7 — T,, ,,, by
@((‘;( _};(),(P,Q,O)> = (X +1iY, P +iQ), (3.35)

X Y
(m,n)
where (Y —X) epand PQ €R .

Let S(m,R) denote the additive group consisting of all m x m real symmetric
matrices. Now we define the isomorphism 6 : K7/ — U(n) x S(m,R) by
0(h,(0,0,k)) = (6(h), k), heK, keSim,R), (3.36)
where 6 : K — U(n) is the map defined by (3.3). Identifying R("™™) x R(™m)
with C™™) | we can identify p’ with T}, x C(""),
Theorem 3.1. The adjoint representation of K7 on p’ is compatible with the nat-
ural action of U(n) x S(m,R) on T), n, defined by
(h,K) - (w, 2) := (hw'h, z'h), heU(n), k€ S(m,R), (w,2) € Ty, (3.37)
through the maps ® and 6. Precisely, if k’ € K’ and o € p’, then we have the
following equality
o(Ad(k”)a) =0(k") - D(a). (3.38)

Here we regard the complex vector space T, m as a real vector space.
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k= ((g _f) ,(o,o,n)) e K’

with <A _B> € K, k= "'k € R™™) and

B A
a= ((g _&) ,(P,Q,0)> ep’

with X = 'X, Y = 'Y e R P, Q € RO™™_ Then we have

Proof. Let

0(k”) - ®(a)=(A+iB,k)- (X +iY, P +iQ)
= ((A+iB)(X +iY) (A +iB), (P +iQ) (A +iB))
= (X, +iY., Po +iQ.)

o (3 %).r0.0)

= ®(Ad(k’ )a) (by Lemma 3.2),

where X, Y., Z, and Q. are given by the formulas (3.31), (3.32), (3.33) and (3.34)
respectively. O

We now study the algebra D(H,, ,,) of all differential operators on H,, ,,
invariant under the natural action (1.2) of G”. The action (3.37) induces the action
of U(n) on the polynomial algebra Pol,, ,,, := Pol(T}, ). We denote by Polgﬁz)
the subalgebra of Pol,, ,,, consisting of all U(n)-invariants. Similarly the action
(3.30) of K induces the action of K on the polynomial algebra Pol(p‘]). We see
that through the identification of p’ with T}, ,,,, the algebra Pol(p‘] ) is isomorphic
to Pol,, . The following U (n)-invariant inner product ( , ). of the complex vector
space T}, ., defined by

(w,2), (W, 2"), =tr(ww) +tr(z"2"), (w,2), (W,2") € Tum

)

gives a canonical isomorphism

Tom = Ty oy (W,2) 2 forz (w,2) € Tom,

where f,, . is the linear functional on T, ,,, defined by
fw,z((w',z’)) = ((w’,z’), (w,z))*, (W', 2") € Thyom.

According to Helgason ([21], p. 287), one gets a canonical linear bijection of
S(Tpm)Y™ onto D(Hy,m). Identifying T, . with T, by the above isomorphism,
one gets a natural linear bijection

@nvm . POITUL7(TZ) — D(Hn,m)
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of Polg’%) onto D(H,, ;). The map ©,, ,,, is described explicitly as follows. We put
N, = n(n+1)+2mn. Let {na| 1 < a < N, } be a basis of p”. It P € Pol(p’)" =

PolV™ then
) Al
J
P(ata>f<gexp (Ztana>K )]( G
ta)=

(©n.m(P)F) (957 =

n,m
a=1

where g € G’ and f € C®(H,,,,). In general, it is hard to express O, ,,(P)
explicitly for a polynomial P € Pol(pJ )K.

We propose the following natural problems.

Problem 1. Find a complete list of explicit generators of Polgfrz).

Problem 2. Find all the relations among a set of generators of Polgv(,z).

Problem 3. Find an easy or effective way to express the images of the above invari-
ant polynomials or generators of POITUL,(TZ) under the Helgason map O,, ,, explicitly.

Problem 4. Find a complete list of explicit generators of the algebra D(H,, ,,,). Or
construct explicit G/-invariant differential operators on H,, ;.

Problem 5. Find all the relations among a set of generators of D(H, ).
Problem 6. Is Polgv(,z) finitely generated?
Problem 7. Is D(H,, ,,) finitely generated?

We will give answers to Problems 1, 2 and 6.

We put ¢(?#) = tr((ww)*). Moreover, for 1 < a,b < m and k > 0, we put

l()g;2k70) _ (Z(wu—))k tz)bay wéiﬁk,o) _ (Z?I)(wu_))k tZ)ba,
l()g,%l) _ (Z(ww)kwtz)ba’ %;2/9,1) _ (Z?I)(wﬂ))kwtf)ba.
Then we have the following relations:
_ 1,2k,1 0,2k+2,0 1,2k,0 1,2k,0 7(0,2k,1 7(0,2k,1
) = G, Y = 2O P = g O = g = g

(3.40)
Then we have the following theorem:

Theorem 3.2. The algebra Polg’(,z) is generated by the following polynomials:
90(2k+2)’ Rew((l(l)),%,o)7 Imwig,zk,o)7 Rewgi’%’o), Imql)((li,zk,o).
Here the indices run as follows:
0<k<n-1, 1<a<b<m, 1<c<d<m.

This is seen from the following theorem by using (3.40):
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(2k+2)7¢l()2,2k70) (0,2k.1) 1

s ba ’

Theorem 3.3. The algebra PolU(") is generated by ¢

1/Jl(,1 2k0)  Here the indices run as follows:
0<k<n-1, 1<a,b<m.

Proof. See Theorem 3.3 in [26]. O

Problem 2, that is, the second fundamental theorem for Polg’(,z) is stated as
follows. We consider indeterminates @22 and ¢{>*) corresponding to w(2k+2)
and z/J,EZ’Zk’E ), respectively. For these, we assume the relations

~(1,2k,1 ~(0,2k+2,0 +(1,2k,0 ~(1,2k,0 ~(0,2k,1 +(0,2k,1
G =T, Y =t = .

ab ’

We denote by Q the polynomial algebra in the following indeterminates:

- ~(0,2k,0 ~(0,2k,1 ~(1,2k,0
w(2k+2)’ wl()a )7 ’(/}lga )7 ’(/}lga )
Here the indices run as follows:
0<k<n-1, 1<a,b<m.

The relations among the generators of Polgﬁz) are described as follows:

Theorem 3.4. The kernel of the natural map from Q to Pol,li(nﬁ) is generated by the

entries ofA (o). (e, /) B9 with
q€{2,3,...,n+1}, e=(e1,...,eq9), €& =(e},...,e,) €{0,1}7,
c=(c1,...,¢q), ¢ =(c},...,c) €{l,...,m}"
Here the notation is as follows. We put
SO, (e1,211,¢} (g4,2! ,s)
AT = 20 Kouantueay D sa(o)d M g
it Flg=A1+A2 0ES,

Here K , means the Kostka number. Namely, in general, we define K , by

! !
sa(ut, ..., uq) = E Ky 1y, 1)U - ug

where s) is the Schur polynomial. In other words, Agz E§>‘(lc ,A;,)) is the image of the

Schur polynomial s, x,)(u1,. .., u,) under the linear map
l1 l (51;211; 1) 7 Eq’2l<I75 )
R TS Z sgn(o) 1/)010 SR o
oES,

/ll}(l 2n—2 1) A(q ()\1 )\2) by

Moreover we replace (c.6),(c) &)

k—1~(2k),7.0,2n—2k,0
(_1) w( )ql)ab :

ERS

x>
Il

1
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Finally A(C)E) (' e) and B(@ are the following matrices (an alternating matrix of
size ¢’ +2 and a (q’ + 2) x 1 matrix):

(9),(0,0) (g),(1,0) (9),(d",0)
0 A(c,s),(c’,s’) A(c €),(c’,e") A(c €),(c’,e")
(2),(0,0) (9),(1,1) (9),(d",1)
_A(c,s),(c’,s’) 0 A(c €), (c’ e’) T A(c €),(c’,e’)
(q) | _A@),(1,0) A (r)i(1,1) (9),(d',2)
Al een = | TRy Bl 0 e B |
(9),(¢',0) (@),(¢';1) (9),(¢',2)
_A(c,s),(c’,s’) _A(c,s),(c’,s/) _A(c,s),(c/,s/) Tt 0
(-1)7 &)
B(Q) — ~ (2)
—oM
&(0)

Here we put ¢ =n+1—gq.

The proof of Theorem 3.4 is complicated, but it is deduced from the second
fundamental theorem of invariant theory for vector invariants (this is quite parallel
with the fact that Theorem 3.3 follows from the first fundamental theorem of
invariant theory for vector invariants). The detail will be given in the forthcoming

paper.

Remark 3.1. Ttoh, Ochiai and Yang [26] solved all the problems (Problem 1-
Problem 7) proposed in this section when n =m = 1.

We present some interesting U (n)-invariants. For an m x m matrix S, we
define the following invariant polynomials in Polgfrﬁ):

mih(w,2) = Re (tr(ww+ '282)"), 1<j<n,
mf;(w 2)=Im (tr(ww+ t28z)’ ) 1<j<n,
gy %(w,2) = Re (tr( (128 2) )) 1<k<m,
g, 2) m(tr( ('252) )) 1<k<m,
00 s (@, 2) = Re (tr((ww)' (25 2)* (ww+ 252)7)),
0%  s(w,z) = Im (tr( (128 2)* (ww + tzSz)j)),

where 1 <i,j<nand 1<k <m.
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We define the following U (n)-invariant polynomials in Polg’%).

rﬁ)(w,z) = Re (det((ww)j (‘z2)k )), 1<j<n, 1<k<m,

rj(-i)(w,z) = Im (det ((ww)j (tzz)k)), 1<j<n, 1<k<m.
4. The partial Cayley transform

Let
Dnz{WeC("MW:tW, In—WW>0}

be the generalized unit disk. We set

1 /(1 I
_ -1 o n n
G.=T"'Sp(n,R)T, T := /2 (un _Z.In>.

It is easily seen that

_ P Q n,2n)
G*—{(Q P>e<c<2 2

Then G, acts on D, transitively by

P Q . 1 P Q

(6 &) w=wwroeven™ (5%

It is well known that the action (1.1) is compatible with the action (4.1) through
the Cayley transform ¢ : D,, — H,, given by

'PP-1'QQ=1I,, '"PQ="QP }

) €G,, WeD,. (4.1)

W) =i (L, + W)(I, — W)™, W eD,. (4.2)
In other words, if M € Sp(n,R) and W € D,,, then
M- (W) = oM, W), (4.3)

where M, = T~ 'MT. We refer to [31] for generalized Cayley transforms of
bounded symmetric domains.

For brevity, we write Dy, ,, :=D,, X C(m:n) | This homogeneous space Dy, , is
called the Siegel-Jacobi disk of degree n and index m. For a coordinate (W,n) €
Dy with W = (wy,,) € Dy, and n = () € Cmn) | we put

AW = (dwyy), dW = (dwp),

dn = (dny), dn = (dng)
and
) 146, 0 ) 146, 0
aW:( 2 8wm,>’ 8W:( 2 8wm,)’
E) E) ) E)
9 877.11 e 877.7,11 9 877.11 o a77.m1
RN R A W

OMin e OMmn anln e Bnmn
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We can identify an element g = (M, (A, u;x)) of G/, M = <é g) €

Sp(n,R) with the element

A 0 B Atpu— Bt
ALy, p K
C 0 D Ctu—D?tX
0 0 O I

of Sp(m + n,R).
We set

T. — 1 Im+n Im+n
- \/2 /LIm-i-n _Z'Im-i-n ’

We now consider the group G? defined by
G/ =17'G'T,.

Ifg=(M,(\ u;x)) € G’ with M = (é g) € Sp(n,R), then T 1¢T, is given by
—1 _ P* Q*
T, g7, = <Q* p. )
where
P P 2 1Q "N +ip) — P YN —ip)}
* (A +ip) I +if ’
0= (2, HPAmm @)
LA~ in) i ’
and P, @) are given by the formulas
1
P:2 {(A+D)+i(B-C)} (4.4)
and
1 .
Q=2{(A—D)—Z(B+C)}. (4.5)

From now on, we write

(5 9o to-on-2)) = (5 2)

In other words, we have the relation

T ((é g) ,(A,u;n)) T, = ((g f_?,) , (émw), SO i) —zij))

Let
HE™ = {(Em:Q)| €ne T, ¢ e CUm™, ¢4 n'¢ symmetric |

be the complex Heisenberg group endowed with the following multiplication

&n:iQo (€ i) =E+E n+1 ¢+ +E —n'E)).
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We define the semidirect product
SL(2n,C) x HI™

endowed with the following multiplication

(7 9)-€no)-((w &) .€w0)
= <<Z g) <g g) JEFE N —ﬁtf’)) :
where £ = ¢P' +nR' and 7j = Q' +nS’.
If we identify H{{lm) with the subgroup
{egingec, nertmm |
of H(én’m), we have the following inclusion

G? c SU(n,n) x HS™™ c SL(2n,C) x H™M™.
We define the mapping © : G/ — G/ by

o((& p)oumn)=((5 %) (G0 yo—iw:-if)). o)

where P and @ are given by (4.4) and (4.5). We can see that if g1, g2 € G7, then
©(g192) = ©(91)O(g2).-
According to [69, p. 250], G is of the Harish-Chandra type (cf. [53, p. 118]).

g« = ((S g) s (A s fﬁ))

be an element of G7. Since the Harish-Chandra decomposition of an element

(P Q) in SU(n,n) is given by

R S
P Q\ (I, QS™"\ (P-QS™'R 0 I, 0
(2 9)=(5 2" 9 (ha 1)

the PF-component of the following element

I, W ,
g*((o In)7(0777a0))7 WEDTL

of SL(2n,C) x HI"™ is given by

<<% (PWJFQ)S?WJFP)_I)’ (0, (7 + AW + u)(QW + P)~! ;o)) . @

We can identify D, ,, with the subset

{((Ig I;/> ,(0717;0)) ‘WGDW 176@(”"")}

Let
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of the complexification of G7. Indeed, Dy, ,,, is embedded into P} given by

P = { <(Ig ?) ,(0,77;0)) ] W= 'Wecmm, nectmn }

This is a generalization of the Harish-Chandra embedding (cf. [53, p. 119]). Then
we get the natural transitive action of G on D, ,, defined by

((g g) 68 m>> () (4.8)

= ((PW + Q)@QW + P)™!, (n+ €W + ) (QW + P)71),
where (g g) eG,, €€ (C(mm)7 k € Rm™m) and (W 77) € Dy m-

The author [72] proved that the action (1.2) of G¥ on H,, x C™™ is com-
patible with the action (4.8) of G/ on D, ,,, through the partial Cayley transform
U : Dy, — Hy, p, defined by

W(W,m) 1= (i + W)Ly = W)™, 20 (L = W) ™). (4.9)
In other words, if go € G’ and (W,n) € Dy, 1,

go - ¥(W,n) = ¥(g« - (W,n)), (4.10)

where g, = T 'goT,. ¥ is a biholomorphic mapping of D, onto H, x C(m.n)
which gives the partially bounded realization of H,, x C("™) by Dy, m. The inverse
of U is

vHQ, Z) = ((Q — L) QA+ i)Y Z(Q+ un)-l). (4.11)

5. Invariant metrics and Laplacians on the Siegel-Jacobi disk

For W = (w;;) € Dy, we write dW = (dw;;) and dW = (dw;;). We put

0 _ 1+46;5 O and 0 _ 1+46;; 0O
6W o 2 8wij ow - 2 8wij '

Using the Cayley transform ¥ : D,, — H,, Siegel [57] showed that
ds? = 40((In —WW)"YdW (I, — WW)—ldW) (5.1)

is a G,-invariant Riemannian metric on D,, and Maass [37] showed that its Lapla-
cian is given by

A, =0 ((In —WW) t((In —WW) a?v) aiv) . (5.2)

Yang [73] proved the following theorems.
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Theorem 5.1. For any two positive real numbers A and B, the following metric
d3} .. defined by

dS]%)n,m§A,B = 4AO‘((In — WW)_ldW(In . WW)_ldW)

4B {a(([n —WwW) L (dn) 6)

a((nW (L — WW)~LdW (I,, — WW)~! t(dn))
( Iy — WW) " YdW (I, — WW)~! t(dn))
a( (I — WW) Lt (I, — WW) " WdW (I, — WW)—ldW)
U(W (I, — WW) "Lty (I, — WW)~LdW (I, — WW)—ldW)
+ a( (I, — WW) Yy (I, — WW) " dW (I, — WW)~ 1dW)
+ a( Ly W (I, — WW) = dW (I,, — WW)—ldW)
+ o (I - — WLy — WW) ™y (1, — WW)~!

% (In — W) (I, — W)~ YdW (I,, — WW)—ldW)
= o (I = WW) ™ (I = W)Ly = W)™y (I = W)
x dW (I, — WW)—ldW)}

is a Riemannian metric on Dy, ,, which is invariant under the action (4.8) of the
Jacobi group GZ.

Proof. See Theorem 1.3 in [73]. O
Theorem 5.2. The following differential operators S1 and Sg on Dy, ., defined by

amofin 2 (2)

So=o ((In —WW) t<(In —WW) 3?4/) 3?4/)
wo (M=) () damww) )
‘o ((n W) t((fn - WW)aiv) ;n)

- (o (), )

and
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- (i, (), )

+UG%_WWVMK%>m—WWéD

Y (n WW (I, — W)~ tnt(aan) (In — Ww)aan)

are invariant under the action (4.8) of G. The following differential operator

1 1
ADn,'m;A7B = A SQ + B Sl (5.3)

. . . . . 2
is the Laplacian of the invariant metric dstm;AB on Dy, .

Proof. See Theorem 1.4 in [73]. O

Itoh, Ochiai and Yang [26] proved that the following differential operator on
Dy, defined by

o' d
Ss = det(I,, — WW) det (877 (877))

is invariant under the action (4.8) of G on D, ,,,. Furthermore the authors [26]
proved that the following matrix-valued differential operator on Dy, ,, defined by

tro 3]
= L, —WW
! (3n)( )3n
and each (k,1)-entry Jg; of J given by

Jklz Z <5ij—zn:wirwj'r> 32 lgkz,lgm
r=1

Py MO’
are invariant under the action (4.8) of G on D, ,y,.
S« = [S1,S2] = S1S2 — S2Sy
is an invariant differential operator of degree three on Dy, ,,, and
Qu = [S3,d1] = Sadpt — IS, 1<k I<m

is an invariant differential operator of degree 2n + 1 on Dy, 4.

Indeed it is very complicated and difficult at this moment to express the gen-
erators of the algebra of all GJ-invariant differential operators on D, ,,, explicitly.
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6. A fundamental domain for the Siegel-Jacobi space

Let
Py ={Y eR" Y ="ty >0}
be an open connected cone in RY with N = n(n + 1)/2. Then the general linear
group GL(n,R) acts on &, transitively by
goY:=gY'g, geGL(n,R),Y e, (6.1)
Thus &2, is a symmetric space diffeomorphic to GL(n,R)/O(n).

The fundamental domain %, for GL(n,Z)\ £, which was found by H. Mi-
nokwski [42] is defined as a subset of &, consisting of Y = (y;;) € &, satisfying
the following conditions (M.1) and (M.2):

(M.1) aY'la > ygi for every a = (a;) € Z" in which ag,...,a, are relatively
prime for k=1,2,...,n.

(M.2) yrgt1 >0fork=1,...,n—1.

We say that a point of %, is Minkowski reduced.

Let '), = Sp(n, Z) be the Siegel modular group of degree n. Siegel determined
a fundamental domain %, for T',,\H,,. We say that Q = X +4Y € H,, with X, Y
real is Siegel reduced or S-reduced if it has the following three properties:
(S.1)  det(Im(y-Q)) <det(Im(2)) for all v € T'y;
(5.2) Y =1Im(Q) is Minkowski reduced, that is, Y € %Z,;
(S.3) |y <3 for 1 <4,j < n, where X = ().

F, 1s defined as the set of all Siegel reduced points in H,,. Using the highest
point method, Siegel proved the following (F1)—(F3):
(F1) T, -%,=H,,ie, H, = U,YGF” v P s
(F2) %, is closed in H, ;
(F3) %, is connected and the boundary of %, consists of a finite number of

hyperplanes.

Let E); be the m x n matrix with entry 1 where the kth row and the jthe
column meet, and all other entries 0. For an element Q € H,,, we set for brevity

ij(Q)Z:Eka, 1<k<m, 1<j5<n.
For each Q € .%,, we define the subset Pq of C(":7) by
Pq = {ZZ)\kjEkj + Zz,ukijj(Q) ‘ 0 < Agj,prj <1 }
k=1j=1 k=1j=1
For each Q € .%,, we define the subset Dq of H, ,, by
Dq = {(Q,Z) S Hn,m‘ Z € Pg }

Let
Ty =T x HS™ (6.2)

be the Siegel-Jacobi (or simply Jacobi) modular group of degree n and index m.
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Yang found a fundamental domain %, ,, for me\Hn,m using Siegel’s fun-
damental domain .%,, in [70].

Theorem 6.1. The set
ﬁn,m = U DQ
Qe F,
is a fundamental domain for T'y, p\Hp m.

Proof. See Theorem 3.1 in [70]. O

7. Jacobi forms

Let p be a rational representation of GL(n, C) on a finite-dimensional complex vec-
tor space V,. Let M € R(™™) be a symmetric half-integral semi-positive definite
matrix of degree m. The canonical automorphic factor

Jom : G7 x Hy o — GL(V,)
for G’ on H,, , is given as follows:
JP M((g7 ()‘7 3 K))? (Q7 Z)) = €2Trig(M(Z+)\ Q+M)(CQ+D)7ICt(Z+)\Q+M))
> E—QﬂiU(M(AQt)\+2)\tZ+n+;Lt)\))p(CQ_|_D)’
where g = (4 B) € Sp(n,R), (\, ;) € Hn(ghm) and (Q, Z) € H,, ,,. We refer to

[66] for a geometrical construction of J, a4.

Let C*°(H,,,m, V,) be the algebra of all C'* functions on H, ,,, with values in
V,. For f € C®(Hy,m,V,), we define

(flpmllg, N s 6))]) (2, Z) = T pa((g, (N, i 0)), (2, Z)) 7
f (g-Q, (Z+XQ+p)(CQ+ D)_l) ,
where g = (4 B) € Sp(n,R), (A\, ;) € Hﬂ({“m) and (Q,7) € H,, .
Definition 7.1. Let p and M be as above. Let
Hé"’m) ={(\ k) € Hﬂén’m) | A\, p, K integral }

(7.1)

be the discrete subgroup of Hé&n’m). A Jacobi form of index M with respect to p
on a subgroup I' of T',, of finite index is a holomorphic function f € C*°(H, m,V,)
satisfying the following conditions (A) and (B):

(A) flomFl = fforall 5 €T :=T x H"™.

(B) For each M €T, f|, m[M] has a Fourier expansion of the following form:

(flom[M])(Q,Z) = Z Z (T, R) - o o(TQ) | 2rio(RZ)

T="'T>0 Rez(»™)
half-integral

with A\r(#£ 0) € Z and ¢(T, R) # 0 only if < ro 2 > > 0.
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If n > 2, the condition (B) is superfluous by the Kocher principle (cf. [82]
Lemma 1.6). We denote by J, a(T") the vector space of all Jacobi forms of index
M with respect to p on I'. Ziegler ( cf. [82] Theorem 1.8 or [12] Theorem 1.1)
proves that the vector space J, p(I') is finite dimensional. In the special case
p(A) = (det(A))* with A € GL(n,C) and a fixed k € Z, we write Jy r(I') instead
of J, m(T') and call k the weight of the corresponding Jacobi forms. For more
results about Jacobi forms with n > 1 and m > 1, we refer to [62]-[68] and [82].
Jacobi forms play an important role in lifting elliptic cusp forms to Siegel cusp
forms of degree 2n (cf. [24, 25]).

Now we will make brief historical remarks on Jacobi forms. In 1985, the names
Jacobi group and Jacobi forms got kind of standard by the classic book [12] by
Eichler and Zagier to remind of Jacobi’s “Fundamenta nova theoriae functionum
ellipticorum”, which appeared in 1829 (cf. [27]). Before [12] these objects appeared
more or less explicitly and under different names in the work of many authors.
In 1966 Pyatetski-Shapiro [49] discussed the Fourier—Jacobi expansion of Siegel
modular forms and the field of modular abelian functions. He gave the dimension of
this field in the higher degree. About the same time Satake [52]-[53] introduced the
notion of “groups of Harish-Chandra type” which are non reductive but still behave
well enough so that he could determine their canonical automorphic factors and
kernel functions. Shimura [54]-[55] gave a new foundation of the theory of complex
multiplication of Abelian functions using Jacobi theta functions. Kuznetsov [34]
constructed functions which are almost Jacobi forms from ordinary elliptic modular
functions. Starting 1981, Berndt [3]—[5] published some papers which studied the
field of arithmetic Jacobi functions, ending up with a proof of Shimura reciprocity
law for the field of these functions with arbitrary level. Furthermore he investigated
the discrete series for the Jacobi group GV and developed the spectral theory for
L*(T,,,m\G”) in the case n = m = 1 (cf. [6]-[8]). The connection of Jacobi forms
to modular forms was given by Maass, Andrianov, Kohnen, Shimura, Eichler and
Zagier. This connection is pictured as follows. For k even, we have the following
isomorphisms

M (T2) = Jpa(Th) = M, (rgl><4)) & May_o(T1). (7.2)

Here M;(T'y) denotes Maass’ Spezialschar or Maass space and M," , (Fél) (4)) de-
2

notes the Kohnen plus space. For a precise detail, we refer to [39]-[41], [1], [12], [29,
30] and [80]. In 1982 Tai [60] gave asymptotic dimension formulae for certain
spaces of Jacobi forms for arbitrary n and m = 1 and used these ones to show
that the moduli A,, of principally polarized Abelian varieties of dimension n is
of general type for n > 9. Feingold and Frenkel [13] essentially discussed Jacobi
forms in the context of Kac—Moody Lie algebras generalizing the Maass corre-
spondence to higher level. Gritsenko [17] studied Fourier—Jacobi expansions and a
non-commutative Hecke ring in connection with the Jacobi group. After 1985 the
theory of Jacobi forms for n = m = 1 had been studied more or less systematically
by the Zagier school. A large part of the theory of Jacobi forms of higher degree
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was investigated by Kramer [32, 33], Runge [51], Yang [62]-[66]and Ziegler [82].
There were several attempts to establish L-functions in the context of the Jacobi
group by Murase [46, 47] and Sugano [48] using the so-called “Whittaker—Shintani
functions”. Kramer [32, 33] developed an arithmetic theory of Jacobi forms of
higher degree. Runge [51] discussed some part of the geometry of Jacobi forms for
arbitrary n and m = 1. For a good survey on some motivation and background
for the study of Jacobi forms, we refer to [9]. The theory of Jacobi forms has been
extensively studied by many people until now and has many applications in other
areas like geometry and physics.

8. Singular Jacobi forms

1
Definition 8.1. A Jacobi form f € J, s(I'y,) is said to be cuspidal if <1ng ﬁ) >
2

0 for any T, R with ¢(T, R) # 0. A Jacobi form f € J, pm(T') is said to be singular
if it admits a Fourier expansion such that a Fourier coefficient ¢(T, R) vanishes

T IR
unless det ( 2 ) =0.
% R M

Let Py m = Pn X R(™7) be the Minkowski-Euclid space, where &2, is the
open cone consisting of positive symmetric n X n real matrices. For a variable
(Y,V) € Ppm with Y € &, and V € R(™™) | we put

Y = (y,uu) with Yuv = Yopu, V= (Ukl)a
9 (1+0u, 0O g 0
oY o 2 8yl“, ’ oV - 8Ukl ’
where 1 < p,v,l<nand1<k<m.

We define the following differential operator

o 1'%a\. .0
Myt = det(Y) - det <ay tor <8V)M av)' (8.1)

In [65], Yang characterized singular Jacobi forms in the following way:

Theorem 8.1. Let f € J, m(Ty) be a Jacobi form of index M with respect to a
rational representation p of GL(n,C). Then the following conditions are equivalent:

(Sing-1)  f is a singular Jacobi form.
(Sing-2) f satisfies the differential equation My m pmf = 0.

Proof. See Theorem 4.1 in [65]. O
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Theorem 8.2. Let 2M be a symmetric, positive definite, unimodular even matriz
of degree m. Assume that p is irreducible and satisfies the condition

p(A) = p(—A) for all A e GL(n,C).

Then a nonvanishing Jacobi form in J, pm(Ty) ts singular if and only if 2 k(p) <
n-+m.

Proof. See Theorem 4.5 in [65]. O

Remark 8.1. We let
GLypm = GL(n,R) x R(™™
be the semidirect product of GL(n,R) and R("™™ with multiplication law
(A,a)-(B,b):= (AB,a'B™' +b),  A,Be€GL(n,R), a,becR™™.

Then we have the natural action of GLy, ,, on the Minkowski-Euclid space &), m
defined by
(Aa (1) : (Y7 C) = (AY tAa (C + a) tA)? (82)

where (A,a) € GLym, Y € P, ¢ € R0™™. Without difficulty we see that the
differential operator M, m a¢ is invariant under the action (8.2) of GL,, ,,. We refer
to [77] for more detail about invariant differential operators on the Minkowski—
Euclid space &, m,.

9. The Siegel-Jacobi operator

Let p be a rational representation of GL(n,C) on a finite-dimensional vector space
V,. For a positive integer r < n, we let p(") : GL(r,C) — GL(V,) be a rational
representation of GL(r, C) defined by

p"(a)v = p ((8 0 )) v, a€GL(r,C), veV,.

iIn—r

The Siegel-Jacobi operator ¥,, , : J, m(T'n) — me’M(Fn) is defined by

(Vnrf) (2, 2) = Tim f ((% itf(:L—r> ’(Z’O))’

where f € J, m(Ty), Q € H, and Z € C™7),
In [62], Yang investigated the injectivity, surjectivity and bijectivity of the
Siegel-Jacobi operator.

Theorem 9.1. Let 2M be a symmetric, positive definite, unimodular even matriz
of degree m. Assume that p is irreducible and satisfies the condition

p(A) = p(—A) forall Ae GL(n,C).
If 2k(p) < n+ rank(M), then the Siegel-Jacobi operator U,, ,_1 is injective.
Proof. See Theorem 3.5 in [62]. O
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Theorem 9.2. Let 2M be a symmetric, positive definite, unimodular even matriz
of degree m. Assume that p is irreducible and satisfies the condition

p(A) = p(—A) forall Ae GL(n,C).

If2k(p)+1 < n+rank(M), then the Siegel-Jacobi operator U, ,_1 is an isomor-
phism.

Proof. See Theorem 3.6 in [62]. O

Theorem 9.3. Let 2M be a symmetric, positive definite, unimodular even matrix
of degree m. Assume that 2k(p) > 4n + rank(M) and k = 0 (mod 2). Then the
Siegel-Jacobi operator U, ,_1 is an isomorphism.

Proof. See Theorem 3.7 in [62]. O

Now we review the action of the Hecke operators on Jacobi forms. For a
positive integer £, we define

On(0) :={M € 2" | 'MJ,M = (], ).
Then O,,(¢) is decomposed into finitely many double cosets mod I';,, that is,

0,) = U | N (disjoint union).
j=1

We define

T) := Z InglI'y € %("), the Hecke algebra.
j=1
Let M € O,(¢). For a Jacobi form f € J, a(I'), we define

Flom(TuMT ) = 0= 5 N7 p (5,0, 050))], (9.1)

j=1

where I',, MT',, = U;:l I',,M; (finite disjoint union) and k(p) denotes the weight
of p. We see easily that if M € O, (¢) and f € J, m(Ty), then

f|p,M(FnMFn) € Jp,ZM (Fn)
For a prime p, we define

Onp =] On(p").
=0

Let .,?nvp be the C-module generated by all left cosets I'y; M, M € O, ;, and fﬁw
the C-module generated by all double cosets I', MT',,, M € O, ;. Then 577, , is a
commutative associative algebra. We associate to a double coset

ToWMT, = | JTwM;,  M,M; € O, (disjoint union)
=1
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the element .
JTaMTy,) =Y TWM; € Z .
i=1
We extend j hnearly to the Hecke algebra /2, 7,p and then we have a monomorphism
j: np — %, p- We now define a bilinear mapping

Ay X Ly — Lo
by
(CnMTy,) - (DnMo) = Y TpM;Mo,  where T, MT, = | J T, M;.
i=1 j
This mapping is well defined because the definition does not depend on the choice
of representatives.

Let f € J, m(I'n) be a Jacobi form. For a left coset L :=T',, N with N € O,, 5,
we put

We extend this operator (9.2) linearly to ., ,. If T' € 7, ,,, we write
FIT = fl5(T).

Obviously we have

(fIT)L = f(TL),  f€Jpm(Tn).
In a left coset I'yM, M € O, p, we can choose a representative M of the form

0 D

_(a ‘o _ (b B _(d 0
= w) =(hs) 26 p)

where o, 81, 82,6 € Z* 1. Then we have

" A* B~
M* = <0 D*> S OTL—LP'

For an integer r € Z, we define

M = <A B) , 'AD =phor,, ‘BD = 'DB,

1
(DaM)* = Ty M.
If 1,MT,, = U;_, TwM; (disjoint union), M, M; € Oy p, then we define in a
natural way

(T ML) = Zrn M. (9.3)

We extend the above map (9.3) linearly on %,p and then we have an algebra
homomorphism 3 5
Fpp — Hn—1p, T+— T (9.4)

It is known that the above map (9.4) is a surjective map ([81] Theorem 2).
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Let U9 J, m(Th) — me (D7) be the modified Siegel-Jacobi operator
; ol
defined by
0 T itl,—, O
(\Ijnﬂ‘f) (Q, Z) = tgnoo f << 0 Q) ) (07 Z)> 5 (Q7 Z) S Hr,m7
where pér) : GL(r,C) — GL(V,) is a finite-dimensional representation of GL(r, C)

defined by

r I,. 0O
W= (" h). aceteo.

In [62], Yang proved that the action of the Hecke operators is compatible

with that of the Siegel-Jacobi operator:
Theorem 9.4. Suppose we have

(a) a rational finite-dimensional representation

p:GL(n,C) — GL(V,),
(b) a rational finite-dimensional representation
po: GL(n —1,C) — GL(V,,),

(c) a linear map R:V, — V,,

satisfying the following properties (1) and (2):

(1) Rop <(1) 2) =po(A)oR forall Ae GL(n—1,C),

(2) ROP(S Io_l):akR for some k € Z.

Then for any f € J, m(Ty) and T € 5, ,, we have
(Ro Wy, 1) (fIT) = R(T, , 1 )T

Proof. See Theorem 4.2 in [62]. O

Remark 9.1. Freitag [14] introduced the concept of stable modular forms using the
Siegel operator and developed the theory of stable modular forms. We can define
the concept of stable Jacobi forms using the Siegel-Jacobi operator and develop
the theory of stable Jacobi forms.

10. Construction of vector-valued modular forms
from Jacobi forms

Let n and m be two positive integers and let Py, = Clz11,...,2Zmn] be the
ring of complex-valued polynomials on C("™) . For any homogeneous polynomial

P € Py n, we put
0 0
P =P ... .
(aZ) (8211’ ) 82’11)
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Let S be a positive definite symmetric rational matrix of degree m. Let T' := (t,q)
be the inverse of S. For each 4, j with 1 <4, j < n, we denote by A; ; the following
differential operator

m
82
A= E t , 1<i4,5<n.
v p.g=1 P 02102y, =hl=

A polynomial P on C"™ is said to be harmonic with respect to S if

Zn: AP =0.
=1

A polynomial P on C(™™) is said to be pluriharmonic with respect to S if
Ai7le:0, 1 SZ,] <n.

If there is no confusion, we just write harmonic or pluriharmonic instead of har-

monic or pluriharmonic with respect to S. Obviously a pluriharmonic polyno-

mial is harmonic. We denote by %, , the space of all pluriharmonic polyno-

mials on C™™)_ The ring P, has a symmetric nondegenerate bilinear form
(P,Q) := (P(02)Q)(0) for P,Q € Py, . It is easy to check that ( , ) satisfies

(P,QR) =(Q(0z)P,R),  P,Q,R€Ppp.
Lemma 10.1. J7;, ,, is invariant under the action of GL(n,C) x O(S) given by
((A,B),P(Z)) — P('BZA), A€ GL(n,C), B€ O(S), P€ Hpn. (10.1)

Here O(S) := {B € GL(m,C) | '‘BSB = S} denotes the orthogonal group of the
quadratic form S.

Proof. See Corollary 9.11 in [45]. O

Remark 10.1. In [28], Kashiwara and Vergne investigated an irreducible decompo-
sition of the space of complex pluriharmonic polynomials defined on C(™™ under
the action (10.1). They showed that each irreducible component 7 ® A occurring
in the decomposition of 7, ,, under the action (10.1) has multiplicity one and the
irreducible representation 7 of GL(n,C) is determined uniquely by the irreducible
representation of O(S).

Throughout this section we fix a rational representation p of GL(n,C) on
a finite-dimensional complex vector space V, and a positive definite symmetric,
half-integral matrix M of degree m once and for all.

Definition 10.1. A holomorphic function f : H, — V), is called a modular form
of type p on Ty, if

F(M Q) = F((AQ + B)(CQ + D)) = p(CQ + D) f(Q), Q€ H,

for all M = <é g) € I'y,. If n = 1, the additional cuspidal condition will be

added. We denote by [[',,, p] the vector space of all modular forms of type p on T',,.
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Let 5%, n:m be the vector space of all pluriharmonic polynomials on C(m.n)

with respect to S := (2M) 1. According to Lemma 10.1, there exists an irreducible
subspace V;(# 0) invariant under the action of GL(n,C) given by (10.1). We
denote this representation by 7. Then we have

(r(A)P)(Z) = P(ZA), A€GL(n,C), PeV,, ZeCmm.
The action 7 of GL(n,C) on V* is defined by
(FA)IQ)(P) = ¢(r(* A7) P),
where A € GL(n,C), ( € V¥ and P € V.

Definition 10.2. Let f € J, m(I',) be a Jacobi form of index M with respect to p
on I',,. Let P € V. be a homogeneous pluriharmonic polynomial. We put

fr(Q) :=P(02)f(Q,2)|z=0, QEMH,, ZecClmm,
Now we define the mapping
frH, = V®V,
by
(f+(Q)(P) := fp(9), QeH,, PeV,. (10.2)
Yang proved the following theorem in [66].

Theorem 10.1. Let 7 and T be as before. Let f € J, m(T'n) be a Jacobi form of
index M with respect to p on T',,. Then f-(Q) is a modular form of type T ® p,
ie., fr €[Tn,T®p).

Proof. See Main Theorem in [66]. O

We obtain an interesting and important identity by applying Theorem 10.1
to the Eisenstein series. Let M be a half-integral positive symmetric matrix of

degree m. We set
A B

Let # be a complete system of representatives of the cosets I';jo)\I'n and A be a
complete system of representatives of the cosets Z(™™ /(Ker(M)NZ(™™), where
Ker(M) := {A e R™™ | M-X=0}.Let k € Z" be a positive integer. In [82],
Ziegler defined the Eisenstein series Elgnj)\/l (Q, Z) of Siegel type by

Elgn/)vl(Q’ Z) = Z det(CQ + D)_""‘ X e27rz‘o(MZ(cQ+D)*1sz)
(& B)ez

LY e2rio(MIUR4B)©2+D) 7 At2!(COLD) ! 12)

)

A€EA
where (,Z) € H, . Now we assume that £ > n+ m + 1 and k is even.
Then according to [82], Theorem 2.1, E,(C"J)\/I(Q, Z) is a nonvanishing Jacobi form
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in Jg m(Tr). By Theorem 10.1, (E,(an)\/l)T is a Hom(V;, C)-valued modular form of
type 7@det” . We define the automorphic factor j : Sp(n, R) xH,, — GL(n,C) by

i(g,92):=CQ+D, g= (é g) € Sp(n,R), Q € H,.

Then according to the relation occurring in the process of the proof of Theorem
10.1, for any homogeneous pluriharmonic polynomial P with respect to (2 M)~1,
we obtain the following identity

det (M, )5 37 3 det j(7,0)7F - P(dmi MAY (7, Q) 1) - €27 (MO0 )
YEZ NEA (10.3)
=3 deti(y, M-Q)7F - P(4mi MAG(vM, Q)7 . 2mi o (M((M)) ')
YEZ AEA
forall M €T'), and Q) € H,,.

For any homogeneous pluriharmonic polynomial P with respect to (2 M)~1,
we define the function Gp : '), x H,, — C by

Gp(M,Q):=>"> detj(yM,Q)~* P(4mi MAj (vM,Q) ") e2rio (MM Q)A)
YERIEN

where M € I'), and Q € H,,. Then according to Formula (10.3), we obtain the
following relation

Gp(M,Q) = Gp(Iy,,Q)  forall M €T, and Q € H,,. (10.4)

If P = ¢ is a constant, we see from (10.3) and (10.4) that G. := Gp satisfies
the following relation

Ge(M,N-Q) = G.(Izn, N-Q) = det j(N, Q)" G.(M, Q)

for all M, N €T',, and Q € H,,. Therefore for any M € I',,, the function G.(M,-) :
H,, — C is a Siegel modular form of weight k.

11. Maass—Jacobi forms

Using G7-invariant differential operators on the Siegel-Jacobi space, we introduce
a notion of Maass—Jacobi forms.

Definition 11.1. Let
Ty = Sp(n, Z) x H™™

be the discrete subgroup of G, where

Hg“m) = {(/\,u; K) € Hﬂén’m) | A, 1, k are integral } )
A smooth function f : H, x C™") — C is called a Maass—Jacobi form on H,, x
CU™n) if f satisfies the following conditions (MJ1)—(MJ3):

(MJ1) f is invariant under I'y, ,,.
(MJ2) f is an eigenfunction of the Laplacian A, 4,5 (cf. Formula (2.4)).
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(MJ3) f has a polynomial growth, that is, there exist a constant C' > 0 and a
positive integer NV such that

(X +iY,Z)| < Clp(Y)N  as detY — oo,
where p(Y') is a polynomial in ¥ = (y;;).

Remark 11.1. We also may define the notion of Maass—Jacobi forms as follows.
Let D, be a commutative subalgebra of D(H,, x C"™)) containing the Laplacian
Ay m;a,B. We say that a smooth function f : H, x Clmn) 5 C is a Maass—Jacobi
form with respect to D, if f satisfies the conditions (MJ1), (MJ2), and (MJ3):
the condition (MJ2), is given by

(MJ2), f is an eigenfunction of any invariant differential operator in D..

Remark 11.2. Erik Balslev [2] developed the spectral theory of Ay 1,17 on Hj ;1 to
prove that the set of all eigenvalues of A 1,11 satisfies the Weyl law.

It is natural to propose the following problems.
Problem A: Find all the eigenfunctions of A, .4 5.
Problem B: Construct Maass—Jacobi forms.

If we find a nice eigenfunction ¢ of the Laplacian A, ,,,. 4, p, We can construct
a Maass—Jacobi form f, on H,, x C(m) in the usual way defined by

fs@2) = Y 6y (2,2),

'*/EF;’fjm\Fn,m

F;’jm:{(<é g),()\,,u;n)) el“mm’ C:O}

is a subgroup of I';, ;.

where

We consider the simple case when n = m = 1 and A = B = 1. A metric
ds? 1.1, on Hy; given by

2 _ Yy + ’U2
dsy 1;1,1

1 2
’ = (dx2+dy2)+y(du2+dv2)—yg(dxdu-i-dydv)

is a G7-invariant K&hler metric on H; ;. Its Laplacian Ay ;1,1 is given by

5 [ 07 0? o, [ O 0? 0? 0?
Ai1141= 2 .
LuLL =Y <8x2 + 8y2) +y+v) (8u2 * 81}2) Ty <8x8u + 8y8v)
We provide some examples of eigenfunctions of Ay ;.1,1.
(a) h(z,y) = yéKS_é(Zﬂa\y) e?mar (s € C, a # 0) with eigenvalue s(s — 1).
Here
L[ z —1y | 4s—1
Ky(z) = exp{— (t+t )}t dt,
2/, 2
where Re z > 0.
(b) v*, y°z, y*u (s € C) with eigenvalue s(s — 1).
(¢) y®v, y°uv, y®zv with eigenvalue s(s + 1).
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(d) z, y, u, v, xv, uv with eigenvalue 0.
(e) All Maass wave forms.

Let p be a rational representation of GL(n,C) on a finite-dimensional com-
plex vector space V,. Let M € R(™™) be a symmetric half-integral semi-positive
definite matrix of degree m. Let C*°(H,, x C(™™ V,) be the algebra of all C>
functions on H,, x C™™ with values in V,. We define the |, r-slash action of G
on C*®(H,, x C™) V) as follows: If f € C°°(H,, x C™™) V),

f P;M[(M7 (>‘7 122 K’))](Qa Z)
— e—zm‘U(M[Z+AQ+M](CQ+D)*1C) . e2mi o (M(AQ AN+ 22 Z 4w+ p )

(CU+ D) f(M-Q,(Z 4+ X2+ p)(CQ+ D)™,

Om -

X
where M = (A B) € Sp(n,R) and (A, u;5) € Hﬂgn’m). We recall the Siegel’s
notation aff] = “Saf for suitable matrices o and 5. We define D, o¢ to be the
algebra of all differential operators D on H, x C"™™ satisfying the following
condition

o~

(Df)lpmlgl = D(flp.rmlg])
for all f € C*(H,, x C(™™ V) and for all g € G’. We denote by Z, ¢ the center
of DPVM'

We define another notion of Maass—Jacobi forms as follows.
Definition 11.2. A vector-valued smooth function ¢ : H,, x clmmn) V, is called

a Maass—Jacobi form on H,, x C("") of type p and index M if it satisfies the
following conditions (MJ1), aq, (MJ2), A and (MJ3), a4

(MJl)va ¢ p,/\/lh/] =¢ forall v € Fn,m-

(MJ2), m  f is an eigenfunction of all differential operators in the center Z, aq
of Dp7M~

(MJ3)p,m  f has a growth condition

H(Q,7) = O(eadetY ) ethr(M[V]Yﬂ))
as detY — oo for some a > 0.

Remark 11.3. In the sense of Definition 11.2, Pitale [50] studied Maass—Jacobi
forms on the Siegel-Jacobi space H; ;. We refer to [74, 75] for more details on
Maass—Jacobi forms.

12. The Schrodinger—Weil representation

Throughout this section we assume that M is a positive definite symmetric real
m X m matrix. We consider the Schrodinger representation #)( of the Heisen-

berg group Hﬂg{n’m) with the central character #(((0,0;k)) = xm((0,0;k)) =
e oMR) o € S(m,R). Then #) is expresses explicitly as follows:

[Wpu(ho) f] (N) = emirtMeotuo Rot23 o)} £\ 4 \g), (12.1)
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where hg = (Mo, to; ko) € HD(Q”’m) and A € R(™m")_ For the construction of #j,

we refer to [78]. We note that the symplectic group Sp(n,R) acts on Hﬂ%n’m) by
conjugation inside G”. For a fixed element g € Sp(n,R), the irreducible unitary
representation #; of Hnémm) defined by

W2 (h) = Wou(ghg™"), he HI™ (12.2)
has the property that
#3,((0,0;5)) = #m((0,0;5)) = ™t T (M#) gy, &€ S(m,R).
Here Id gy ,,) denotes the identity operator on the Hilbert space H(xa1). Accord-
ing to the Stone—von Neumann theorem, there exists a unitary operator Rq(g)
on H(xm) with Ry(I2,) = IdH(XM) such that
Rpa(9)#m(h) = #2(M)Ram(g)  for all h e H{™™. (12.3)
We observe that Ra¢(g) is determined uniquely up to a scalar of modulus one.
From now on, for brevity, we put G = Sp(n,R). According to Schur’s lemma,
we have a map cyq : G X G — T satisfying the relation
Rm(9192) = em(gr, 92) Raa(g1)Ram(g2)  for all g1, 92 € G. (12.4)

We recall that T denotes the multiplicative group of complex numbers of modulus
one. Therefore R is a projective representation of G on H(x ) and ¢y defines
the cocycle class in H?(G,T). The cocycle cpq yields the central extension Gaq of
G by T'. The group G a4 is a set G x T equipped with the following multiplication

(91,t1) - (g2, t2) = (9192, titacam(91,92) "), g1,92 €G, ti,t2 € T.  (12.5)
We see immediately that the map Raq : Gag —> GL(H (xaq)) defined by
Ra(g,t) =t Raq(g) for all (g,t) € Gy (12.6)

is a true representation of Gaq. As in Section 1.7 in [35], we can define the map
sm : G — T satisfying the relation
cm(91,92)* = sal(91) T sam(92) " tsa(g1g2)  for all g, g0 € G.

Thus we see that

Gom ={(g:t) € Gr| ? =5m(9)"" } (12.7)

is the metaplectic group associated with M that is a two-fold covering group of
G. The restriction Ry of Ray to G2, m is the Weil representation of G associated
with M.

If we identify h= (A, ;%) EHH(@"M) (resp. g€ Sp(n,R)) with (Ia,,(\,u;k)) €G7
(resp. (g,(0,0;0)) € G7), every element g of G’ can be written as § = hg with
he Hﬂ({“m) and g € Sp(n,R). In fact,

(g, (A3 £)) = (Tzn, (A, 1)g™ "5 ) (9, (0,0:0)) = (A, w)g~ "5 k) - g
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Therefore we define the projective representation 7, of the Jacobi group G7 with
cocycle ca(g1, g2) by

mr(hg) = #ou(h) Ru(g), he H™™, geq. (12.8)
Indeed, since HH({“ ™) is a normal subgroup of G, for any hi, hy € H(" ™) and

91,92 € G,

(h1g1h2gy 'g192) = P (hi(g1hagy ")) Ra(9192)
(91, 92) #pa(h) W (h2) Raq(g1) Raq(g2)

(91, 92)#r(h1) Raa(91) Wi (h2) Raq(g2)

(91, 92)mm(h1g1) T a1 (h2ga).

Trm(h1gihage) =

M
M
M
M

We let
Gly= G x HY™

(n,m)

be the semidirect product of G and Hy with the multiplication law

((g1:t1), (A1, pas £1)) - (g2, t2), (A2, 2 s K2))
= ((g1,t1)(g2,t2), (N + Aoy fi + p2 s k1 + ko + Nz — 1N2)),
where
(91:41):(92:t2) € Gans - (g ) (apizinz) €™ and (A1) = (A,p1)ga

) =(
If we identify h = (A, pu; k) € Hﬂ(g"’m) (resp. (g,t) € Ga) with ((I2n, 1), (A, u;K)) €
G (resp. ((g,1),(0,0;0)) € G%{,), we see easily that every element ((g,t),(\,u;x))
of G can be expressed as

((g:8), M5 8)) = (T2, 1), (A g™ 15 8)) (9, 1), (0,050)) = (A, g~ "5 5)(g, 1)
Now we can define the true representation wu of G’/JVl by
Gp(he(g.1)) = tmaa(hg) = t Waa(h) Rmlg), he HE™™, (g,t) € Gm. (12.9)
Indeed, since Hﬂ(g"’m) is a normal subgroup of Gﬂ/l,
O (hi(grs t1)ha(ga, t2)) = D (ha(gr, t1)ha(g1. t1) " (g1, t1) (g2, t2))
= WMm (hl(gl,tl)hQ(gl,tl)_l(g1g2,t1t2 eml(gr,92)7h)
= t1ta (91, 92) "  #m(ha(gr, t1)ha(g1,t1) ™) Ra(9192)
= tyty Wpa(h) W (91, t1) ha(g1,t1) ™) Raa(91) R (g2)
= t1tas Wi (h1) #am (g1h2gr ) Raa(91) Raa(g2)
= t1ta W (h1) Ra(g1) W (hz) R (g2)
= {t1 mm(hag1)} {t2 mar(haga)}
= (h1(g1,t1)) @aq(ha(gz, t2)).

Here we used the fact that (g1,t1)ha(g1,t1) " = g1hag; "
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We recall that the following matrices

t(b) = <Ig Il;> with any b = b € R(™™),

0

(0 -I,
m=\1, 0
generate the symplectic group G = Sp(n,R) (cf. [15, p. 326], [44, p. 210]). There-

fore the following elements hi(\, 5 k), t(b;t), g(a;t) and o, of Gaq X Hﬂ%n’m)
defined by

a0 .
g(a) = o-1 with any a € GL(n,R),

he(A, s H) = ( Izn, NONTHY )) withte T, \,p € R™™) and k € R(m’m),
bit) = ((t(b), 1), (0,0;0)) with any b= 'h € R teT,
it) = ((g( ,(0,0; O)) with any « € GL(n,R) and t € T,
= ((on, 1), (0 0;0)) withteT

generate the group G X Hﬂ%n’m). We can show that the representation way is

realized on the representation H(ya) = L2 (R(W”)) as follows: for each f €
L? (R(m’")) and x € R(™™) the actions of @4 on the generators are given by

[Gpn (BN, 5 ) £ () = temotMUstuNt22 0} £y 3, (12.10)
(Bt (b3 1)) f] () = temi oMb @) gy (12.11)
[@pm(g(ast) f] (z) =t|deta|? flz'a), (12.12)

[@pt(on) f] (@) =t (det M) 2 /R(m) fly)e 2mioeMu’®) gy (12.13)
Let

GiM e G2,M X Hﬂ({hm)

(

be the semidirect product of G ¢ and HR"’m). Then GiM is a subgroup of Gﬂ/l

which is a two-fold covering group of the Jacobi group G. The restriction wa of
W to GiM is called the Schrédinger—Weil representation of G associated with M.

We denote by L% (R(™™) (resp. L2 (R(™™)) the subspace of L?(R(™™)
consisting of even (resp.odd) functions in L? (R(W”)). According to Formulas
(12.11)-(12.13), Ra a is decomposed into representations of RiM

Ry = RY @ Ry oy
where R; e and Ry pq are the even Weil representation and the odd Weil rep-

resentation of G that are realized on La_ (R(m”’)) and L2 (R(m”’)) respectively.
Obviously the center Qg‘] am of Gi A 1s given by

5 0 = {((12n,1), (0,0:8)) € GF 00 } 2= S(m, R).
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We note that the restriction of waq to G coincides with Re aq and waq(h) =
Wpa(h) for all h e H™™.

Remark 12.1. In the case n = m = 1, wq is dealt in [10] and [36]. We refer to
[16] and [28] for more details about the Weil representation Ra 1.

Remark 12.2. The Schrodinger—Weil representation is applied to the theory of
Maass—Jacobi forms [50].

Let M be a positive definite symmetric real matrix of degree m. We recall

the Schrodinger representation #) of the Heisenberg group Hﬂ({“m)

M given by Formula (12.1). We note that for an element (), u; %) of Hﬂén’m), we
have the decomposition

(X, ;) = (A, 0;0) 0 (0, ;0) 0 (0,0; 5= A ).
We counsider the embedding ®,, : SL(2,R) — Sp(n,R) defined by

o, ((‘; Z)) = (Z: ZZ) <‘CL Z) € SL(2,R). (12.14)

For z,y € R™™)  we put

associate with

(@ ym=o('zMy)  and  allac= V(@ @)

a b

According to Formulas (12.11)—(12.13), for any M = <c > € SL(2,R) —

d
Sp(n,R) and f € L? (R(m’")), we have the following explicit representation
la| "2 el 3ami £ (qq) if c=0,
[RM(M)f] (.’IJ) = n mn a(M,z,y,M) _. .
(det M) 2 [e|="" [pomme ¢ Tf(y)dy ifc#0,
(12.15)

where
a(M,z,y, M) = allz|i4 + d |yl — 2(z, y)rm-
Indeed, if a = 0 and ¢ # 0, using the decomposition
0 —ct 0 —1\/[/c d
v=(e 75 )=0 9)6 &)
and if a # 0 and ¢ # 0, using the decomposition
]\4_ab_ac_1 0 —1\ [ac ad
“\e d) \0 at)\1 O 0 (ac)7t)>
we obtain Formula (12.15).
It

(a1 by (a2 by _ (a3 b3
M1 = <C1 d1> s M2 = (02 d2) and M3 = <Cg d3> € SL(Q,R)

with M3 = Mj M>, the corresponding cocycle is given by
CM(Mth) — e—i‘n’mnsign(clcgcg)/47 (1216)
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where
-1 (x <0)
sign(z) = (x=0)
1 (x >0)

In the special case when

My = (COS(;Sl —sm(bl) and M, — (COS(;SQ —sm@)7

sin ¢ COS @1 sin ¢o COS (o

we find
em(My, M) = et mn (U¢1+U¢2_U¢1+¢2)/4’
where
2v if g =vm
O¢p = .
2v+1 if ve < ¢ < (v+1)m.
Tt is well known that every M € SL(2,R) admits the unique Iwasawa decomposi-
tion »
(1w (v 0 cos¢ —sing
M= (0 1) ( 0 v‘1/2) (sinqS cosqS)’ (12.17)

where 7 = uw + v € Hy and ¢ € [0,27). This parametrization M = (7,¢) in
SL(2,R) leads to the natural action of SL(2,R) on H; x [0, 27) defined by

b
((; Z) (1,0) := (ZZId’ ¢ + arg(er + d) mod 277) . (12.18)

Lemma 12.1. For two elements g1 and g2 in SL(2,R), we let
(1w (0?0 cospy  —singy
1=\0 1 0 U1_1/2 sing;  cos¢r
(1 us v;/Q 0 COS o —sin g
2=\0 1 0 U2_1/2 sings  cos o

be the Iwasawa decompositions of g1 and g respectively, where ui,us € R, v; >
0, v9 >0 and 0 < ¢1, ¢ < 2m. Let

_ (1 ug vé/Q 0 cos 3 —sin¢s
93 =9192= 19 1 0 Ug_l/Q sings  cos@s

be the Iwasawa decomposition of g3 = g1g2. Then we have

and

A
e (ug sin ¢y 4 cos ¢1)? + (vo sin¢y)?’
U3 = . L2 .
(ug sin @1 + cos ¢1)? + (v2 sin ¢y )?
and
b5 = tan~! (v2 €08 Pa + U2 sin ¢2) tan ¢ + sin o

(—v2 sin g + ug cos ¢o) tan ¢pg + cos da |’
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where
A = uy(ugsin ¢y + cos ¢1)? + (u1ve — viuz) sin? ¢y

+ v1ug cos? o1+ 11 (u% + v% — 1) sin ¢ cos ¢1.

Proof. If g € SL(2,R) has the unique Twasawa decomposition (12.17), then we get
the following

a=0v"? cos¢+uv_1/2 sin ¢, d=ov"1? cos @,

b=—v"?sing +uv ?cos¢g, u=(ac+bd)(c*+ d2)_1 ,

c=v""?sin¢, U:(62+d2)_1, tangi):;.
We set

g3 = 9192 = (ij Zi) .
Since
ug = (ascg + bads) (cg + dg)_1 , U= (cg + dg)_1 , tangs = (ciz’

by an easy computation, we obtain the desired results. O

Now we use the new coordinates (7 = u + iv, ¢) with 7 € H; and ¢ € [0, 27)
in SL(2,R). According to Formulas (12.11)—(12.13), the projective representation
R of SL(2,R) — Sp(n,R) reads in these coordinates (7 = u + v, @) as follows:

[Raa(r,8)f] () = o7 NI T [R5, 6) f] (v1/22), (12.19)
where f € L? (R(m”’)) , € R(™™) and
[Raa(is ¢) f] (2) (12.20)
f(x) if ¢ =0 mod 2,
=1 f(~x) if ¢ = 7 mod 2,

(det M) 2 [sing|™ ™" [oinm) eB@ YoM £ (1) dy  if ¢ # 0 mod 7.

Here
(2l + llyll3n) cos ¢ = 2(x, y) m
sin ¢ '

0 -1
S (1 0) .
We note that

(R (5.7) 5] @) = R @) = @eer? [ fy)eommniay
- (12.21)

B(x7 y’ ¢’M) =

Now we set

for f € L? (R™™) .
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Remark 12.3. For Schwartz functions f € . (R(™™) | we have

m [singl ¥ [ PR f(y)dy — HT () 2 f(a).
R(m,n

li
b—

Therefore the projective representation R4 is not continuous at ¢ = v (v € Z)
in general. If we set

Rp(r,¢) = e "M/ AR\ (1, 9),

Raq corresponds to a unitary representation of the double cover of SL(2,R) (cf.
(3.5) and [35]). This means in particular that

Raa(is ) Raa(iy ¢') = Raali, 6+ ¢),
where ¢ € [0,47) parametrises the double cover of SO(2) C SL(2,R).

We observe that for any element (g, (), u; %)) € G7 with g € Sp(n,R) and
(N5 k) € Hﬂ(gn’m), we have the following decomposition

(9, X 15 5)) = (Izn, (A 1)g ™15 8)) (9, (0,050)) = (A, w)g™ 5 5) - g.

Thus Sp(n,R) acts on Hﬂ({“m) naturally by

g-O k) = (A g k), g€ Spn,R), (A k) e H™.

Definition 12.1. For any Schwartz function f € .7 (R(™™), we define the function
G)[fM] on the Jacobi group SL(2,R) x H{"™ < G’ by

@EcM}(mS;/\,u,m) = Z [T (A 5 2)(7,9)) f](w), (12.22)

WEZ(m,n)

where (7,¢) € SL(2,R) and (\, u; k) € HD(Q"’m). The projective representation g
of the Jacobi group G was already defined by Formula (12.8). More precisely, for
T=u+iv € H; and (\, ;) € Hﬂén’m), we have

O (1,6 0, ) = 04" 2TIT MU' )

y Z o i {ullot MR + 20w, mam} (R (i, 0) f] (U1/2(w + A)) .

weZ(m.n)

Lemma 12.2. We set f, := Rpq(i,0)f for f € . (R(m’")). Then for any R > 1,
there exists a constant Cr such that for all z € R"™™) and ¢ € R,

fs(2)] < Cr (14 |Jzfa) "

Proof. Following the arguments in the proof of Lemma 4.3 in [36], pp. 428-429,
we get the desired result. O
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Theorem 12.1 (Jacobi 1). Let M be a positive definite symmetric integral matriz
of degree m such that MZ™™) = Z(™")  Then for any Schwartz function f €
54 (R(W”)) , we have

1 _n
GE!M] <_T7 ¢+ aTgT;—,U/,A,H> = (detM) 2 CM(S7 (7—7 ¢)) @;M](Tv¢;A7N>K')7

where ‘ .
M (S, (7_’ (ZS)) .— gimmn stgn(sin ¢ sin(p+argT)) )

Proof. See Theorem 6.1 in [78]. O

Theorem 12.2 (Jacobi 2). Let M = (My;) be a positive definite symmetric integral
m x m matriz and let s = (s;) € ZU™™ be integral. Then we have

OM(r+2,650 5= 2X+ pw—s3) = 0] (7, 050, )
for all (1,6) € SL(2,R) and (\, p; k) € HY™.
Proof. See Theorem 6.2 in [78]. 0

Theorem 12.3 (Jacobi 3). Let M = (My;) be a positive definite symmetric integral

m x m matriz and let (Ao, fo; ko) € Hém’n) be an integral element of Hﬂén’m). Then
we have ™
951 ](T»¢§)\+)\07N+N0»fi+f€0+>\0t,u_/l0t)\)

_ ewio(M(mo-&-uot)\o))@E(M](T’¢;)\’u7H)
for all (1,6) € SL(2,R) and (A, p; k) € HY™.
Proof. See Theorem 6.3 in [78]. O
We put V(m,n) = R™™ x R™™) Let
G = SL(2,R) x V(m,n)
be the group with the following multiplication law

(gl7 ()\h,ul)) . (QZa ()\QaNQ)) = (glgg, ()\1,/.,61).92 —+ (>\27u2))’ (1223)
where g1, g2 € SL(2,R) and A1, Ag, i1, p2 € RO™™).

We define
remm .= SI(2,7) x HS™™.

Then T("™™) acts on G™™ naturally through the multiplication law (12.23).

Lemma 12.3. T("") s generated by the elements
(57 (070))7 (TIH(Ovs)) and (127(>\07/1'0))7

(0 -1 (11 (m,n)
S_(l O)’ Tb—<0 1) and s, \o, po € Z .

Proof. Since SL(2,7Z) is generated by S and T,, we get the desired result. O

where
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We define
O r A = 0% Y et e B2 Ry G,0)f] (02w + 1)),
weZ(m,n)

Theorem 12.4. Let Fgf’") be the subgroup of T™™) generated by the elements

(Sv (O’O))7 (T*,(O,S)) and (Ig,()\o,ﬂo)),
where

T, = (é %) and S, g, o € zmm),

Let M = (My;) be a positive definite symmetric unimodular integral m x m matriz
such that MZ™™) = 7.(mm) - Then for f,g € . (R(m’")) , the function

67,612 1) 057, 65\, )
1s invariant under the action of I‘ng’n) on Gmn),

Proof. See Theorem 6.4 in [78]. O

13. Final remarks and open problems

The Siegel-Jacobi space H,, ,, is a non-symmetric homogeneous space that is im-
portant geometrically and arithmetically. As we see in Formula (7.2), the theory of
Jacobi forms is applied in the study of modular forms. The theory of Jacobi forms
reduces to that of Siegel modular forms if the index M is zero. Unfortunately the
theory of the geometry and the arithmetic of the Siegel-Jacobi space has not been
well developed so far.

Now we propose open problems related to the geometry and the arithmetic
of the Siegel-Jacobi space.

Problem 1. Find the analogue of the Hirzebruch—-Mumford Proportionality Theo-
rem.

Let us give some remarks for this problem. Before we describe the propor-
tionality theorem for the Siegel modular variety, first of all we review the compact
dual of the Siegel upper half-plane H,,. We note that H,, is biholomorphic to the
generalized unit disk D,, of degree n through the Cayley transform. We suppose
that A = (Z*",(, )) is a symplectic lattice with a symplectic form (, ). We extend
scalars of the lattice A to C. Let

Vn:={LCC”| dimcL=n, (z,y)=0 forallz,yc L}

be the complex Lagrangian Grassmannian variety parameterizing totally isotropic
subspaces of complex dimension n. For the present time being, for brevity, we put
G = Sp(n,R) and K = U(n). The complexification G¢c = Sp(n,C) of G acts on
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), transitively. If H is the isotropy subgroup of G¢ fixing the first summand C",
we can identify 2),, with the compact homogeneous space G¢/H. We let

9 ={LeYn| —i(x,7) >0 forallaz(£0)eL}

be an open subset of 9),,. We see that G acts on ;7 transitively. It can be shown
that 9);' is biholomorphic to G/K = H,,. A basis of a lattice L € 9); is given by a
unique 2n X n matrix ‘(—1I, Q) with Q € H,,. Therefore we can identify L with Q
in H,,. In this way, we embed H,, into 9),, as an open subset of 2),,. The complex
projective variety 2),, is called the compact dual of H,,.

Let ' be an arithmetic subgroup of I',,. Let Ey be a G-equivariant holo-
morphic vector bundle over H,, = G/K of rank r. Then Fj is defined by the
representation 7 : K — GL(r,C). That is, Ey &2 G xg C" is a homogeneous
vector bundle over G/ K. We naturally obtain a holomorphic vector bundle E over
A, r :=T\G/K. E is often called an automorphic or arithmetic vector bundle over
Ap.r. Since K is compact, Ey carries a G-equivariant Hermitian metric ho which
induces a Hermitian metric h on E. According to Main Theorem in [43], F admits
a unique extension FE to a smooth toroidal compactification flmr of A, r such
that h is a singular Hermitian metric good on Anvr. For the precise definition of a
good metric on A, r we refer to [43, p. 242]. According to Hirzebruch-Mumford’s
Proportionality Theorem (cf. [43, p. 262]), there is a natural metric on G/K = H,,
such that the Chern numbers satisfy the following relation

c® (E) = (—1)5”("“) vol (T\H,,) ¢*(Ej)

for all @ = (v, ..., q,) with nonnegative integers a; (1 < i <r) and > ., o; =
én(n +1), where Ej is the Gc-equivariant holomorphic vector bundle on the com-
pact dual 9),, of H,, defined by a certain representation of the stabilizer Stabg,(e)
of a point e in 9),,. Here vol (T'\H,,) is the volume of I'\H,, that can be computed
(cf. [57]).

As before we consider the Siegel-Jacobi modular group I'y, ., := Iy, X Hé”’m)
with T',, = Sp(n,Z). For an arithmetic subgroup I" of T',,, we set

Apmr i=T\H,,,  with [, =T x H"™.

Problem 2. Compute the cohomology H®(Ap m.r,*) of A, . Investigate the
intersection cohomology of A, 1.

Problem 3. Generalize the trace formula on the Siegel modular variety obtained by
Sophie Morel to the universal Abelian variety. For her result on the trace formula
on the Siegel modular variety, we refer to her paper, Cohomologie d’intersection
des variétés modulaires de Siegel, suite.

Problem 4. Develop the theory of the stability of Jacobi forms using the Siegel—
Jacobi operator. The theory of the stability involves in the theory of unitary repre-
sentations of the infinite-dimensional symplectic group Sp(oo, R) and the infinite-
dimensional unitary group U(co).
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Problem 5. Compute the geodesics, the distance between two points and curvatures
explicitly in the Siegel-Jacobi space (Hy, m,ds}, .4 p)-

Siegel proved the following theorem for the Siegel space (Hy,ds.;).
Theorem 13.1 (Siegel [57]).

(1) There exists exactly one geodesic joining two arbitrary points Qq, Q1 in H,.
Let R(Q0, 1) be the cross-ratio defined by

R(20,Q1) = (Q0 — ) (20 — Q1) (0 — Q1) (R0 — )L

For brevity, we put R, = R(Qo,Q1). Then the symplectic length p(Qo, Q1) of
the geodesic joining Qg and 1 is given by

1.2
1+ R2

p(Qo, )’ =0 <log * 1) ;
1— R?

1y 2 2
1+ R? — RF
log = 4R, *
( 1—Ré> <kz_o2’f“>
(2) For M € Sp(n,R), we set

QOZM'QO and 91:M~Ql.

Then R(Q1,Q0) and R(Q1, Qo) have the same eigenvalues.
(3) All geodesics are symplectic images of the special geodesics

where

a(t) = idiag (a},db, ..., al),

r'n

where ay,as,...,a, are arbitrary positive real numbers satisfying the condi-
tion
n
Z (logax)® = 1.
k=1

The proof of the above theorem can be found in [57], pp. 289-293.

Problem 6. Solve Problem 4 and Problem 5 in Section 3. Express the center of
the algebra D(H,, ,,) of all G’-invariant differential operators on H,, ,,, explicitly.
Describe the center of the universal enveloping algebra of the Lie algebra of the
Jacobi group G explicitly.

Problem 7. Develop the spectral theory of the Laplacian Ay, ;4,8 on TA\H,m
for an arithmetic subgroup I'y of I'y, ,,,. Balslev [2] developed the spectral theory
of the Laplacian Aq 1,17 on I',\Hj 1 for certain arithmetic subgroups of I'y ;.

)

Problem 8. Develop the theory of harmonic analysis on the Siegel-Jacobi disk
Dy -

Problem 9. Study unitary representations of the Jacobi group G”. Develop the
theory of the orbit method for the Jacobi group G”.
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Problem 10. Attach Galois representations to cuspidal Jacobi forms.

Problem 11. Develop the theory of automorphic L-function for the Jacobi group
G7(A).

Problem 12. Find the trace formula for the Jacobi group G”(A).

Problem 13. Decompose the Hilbert space L?(G7(Q)\G’(A)) into irreducibles
explicitly.

Problem 14. Construct Maass—Jacobi forms. Express the Fourier expansion of a
Maass—Jacobi form explicitly.

Problem 15. Investigate the relations among Jacobi forms, hyperbolic Kac—-Moody
algebras, infinite products, the monster group and the Moonshine (cf. [67]).

Problem 16. Provide applications to physics (quantum mechanics, quantum optics,
coherent states,...), the theory of elliptic genera, singularity theory of K. Saito
etc.
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