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ABSTRACT. Let Hy and D4 be the Siegel upper half plane and the gen-
eralized unit disk of degree g respectively. Let C(:9) be the Euclidean
space of all A X g complex matrices. We present a partial Cayley trans-
form of the Siegel-Jacobi disk Dg x C9) onto the Siegel-Jacobi space
Hy x C(h9) which gives a partial bounded realization of Hyg x C(h:9) by
Dy x C(9). We prove that the natural actions of the Jacobi group on
Dy x C(h9) and Hg x C("9) are compatible via a partial Cayley transform.
A partial Cayley transform plays an important role in computing differ-
ential operators on the Siegel-Jacobi disk Dy x C(":9) invariant under the
natural action of the Jacobi group on Dg x C"9) explicitly.

1. Introduction
For a given fixed positive integer g, we let
H,= {QeCU9 | a="0 mQ>0}
be the Siegel upper half plane of degree g and let
Sp(g.R) = {M € R®#29) | ‘MJ,M = J, }

be the symplectic group of degree g, where F(*:) denotes the set of all k x [
matrices with entries in a commutative ring F' for two positive integers k and
I, 'M denotes the transpose matrix of a matrix M and

— 0 Iy
5=, 5)

We see that Sp(g,R) acts on H, transitively by
(1.1) M-Q=(AQ+ B)(CQ+ D)1,

A B
where M = <C D) € Sp(g,R) and Q € Hy.
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Let
Dy = {W eCw? | W ='W, I, -WW >0}

be the generalized unit disk of degree g. The Cayley transform ® : D, — H,
defined by

(1.2) W) =i(l,+W)I,-W)"', WeD,

is a biholomorphic mapping of D, onto H, which gives the bounded realization
of Hy by Dy (cf. [8, pp.281-283]). And the action (2.8) of the symplectic
group on D, is compatible with the action (1.1) via the Cayley transform &.
A. Koranyi and J. Wolf [4] gave a realization of a bounded symmetric domain as
a Siegel domain of the third kind investigating a generalized Cayley transform
of a bounded symmetric domain that generalizes the Cayley transform ® of
Dy.
For two positive integers g and h, we consider the Heisenberg group

Hﬂgg’h) = { (\ 5 k) ’ NpeRMD g e RGP k4 4t symmetric }
endowed with the following multiplication law
A pir) o (N k') = AN+ N p+ ps o+ 6+ X = p'N).
The Jacobi group G is defined as the semidirect product of Sp(g, R) and HH({’ )
G7 = Sp(g,R) x HY
endowed with the following multiplication law
(M, (A, H)) : (M’, (A’,u’;n’))
= (MM’7 A+ N, i+ sk +6 4+ 24 — /jt)\’))

with M, M’ € Sp(g,R), (A iz &), (N, s #') € HE™M, and (A, 1) = (A, p)M".
Then G acts on H, x C™9) transitively by

(13) (M, (A wr) - (2.2) = (M-Q,(Z+72+ p)(CQ+ D)),

A B (g,h) (h,9)
where M = c p)€ Sp(g,R), (A, ;) € H, and (Q,2) € H, x C\™9),
In [11, p.1331], the author presented the natural construction of the action
(1.3).

We mention that studying the Siegel-Jacobi space or the Siegel-Jacobi disk
associated with the Jacobi group is useful to the study of the universal family
of polarized abelian varieties (cf. [12], [14]). The aim of this paper is to present
a partial Cayley transform of the Siegel-Jacobi disk Dy x C™9) onto the Siegel -
Jacobi space H, x C9) which gives a partially bounded realization of H, x
C9) by Dy x C9) and to prove that the natural action of the Jacobi group on
Dy x C9) and H, x C9) is compatible via a partial Cayley transform. The
main reason that we study a partial Cayley transform is that this transform is
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usefully applied to computing differential operators on the Siegel-Jacobi disk
D, x C9) invariant under the action (3.5) of the Jacobi group G? (cf.(3.2))
explicitly.

This paper is organized as follows. In Section 2, we review the Cayley
transform of the generalized unit disk D, onto the Siegel upper half plane H,,
which gives a bounded realization of Hy by D,. In Section 3, we construct a
partial Cayley transform of the Siegel-Jacobi disk D, x C9) onto the Siegel-
Jacobi space H, x C9) which gives a partially bounded realization of H, x
C"9) by D, x C"™9) (cf. (3.6)). We prove that the action (1.3) of the Jacobi
group G is compatible with the action (3.5) of the Jacobi group G7 through
a partial Cayley transform (cf. Theorem 3.1). In the final section, we present
the canonical automorphic factors of the Jacobi group G.

NoTATIONS: We denote by R and C the field of real numbers, and the field
of complex numbers respectively. For a square matrix A € F**) of degree k,
o(A) denotes the trace of A. For Q € H,, ReQ (resp. Im Q) denotes the real
(resp. imaginary) part of . For a matrix A € F(**) and B € F(*D we write
A[B] = 'BAB. I,, denotes the identity matrix of degree n.

2. The Cayley transform

Let

— 1 Ig Ig

be the 2g x 2g matrix represented by ®. Then

ey miseRT={(5 3)['PP- Qa5 ra-qr}.

Indeed, if M = (é IB;) € Sp(g,R), then

(2.3) T'MT = (g g) ;
where

(2.4) P:%{(A+D)+i(B—C)}
and

(2.5) Q:%{(A—D)—i(3+o)}.

For brevity, we set
G, =T"'Sp(g,R)T.
Then G, is a subgroup of SU(g, g), where

_ 1, 0
SU(g.9) = {h € COI | 'hlygh =1y, }a lyq= < Og _]q) :
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In the case g = 1, we observe that

T7'Sp(1,R)T = T 'SLy(R)T = SU(1,1).
If g > 1, then G, is a proper subgroup of SU (g, g). In fact, since ‘T J, T = —i J,,
we get

(26)  G.={hesUlg.g)| hIgh=J, | =5U(g,9) 1 Sp(9,C),

where
Sp(g,C) = {a e C(29:29) | o Jya=J, }

P+—{(IO I) ‘Z tZngg}

be the P*-part of the complexification of G. C SU(g,g). We note that the

Harish—Chandra decomposition of an element < Q) in G, is

Let

Q P

(P Q)<Ig QP_1> P-QP 'Q 0 (Ig 0>
Q@ P) \o I 0 P QI

For more detail, we refer to [3, p. 155]. Thus the P*-component of the following

element
P Q I, W
(@ %) (5 1) wen

of the complexification of G is given by

o (5 1P Qr@w )

We note that Qﬁfl € Dy. We get the Harish-Chandra embedding of D, into
P*(cf. [3, p.155] or [7, pp.58-59]). Therefore we see that G, acts on D,
transitively by

PQ\ o _ o ma (PQ
(2.8) (Q P) W = (PW+Q)(QW + P)™ ", <Q P>€G*, W e Dy.
The isotropy subgroup at the origin o is given by

K = {(P 0>]peU )}

Thus G./K is biholomorphic to D,. It is known that the action (1.1) is com-
patible with the action (2.8) via the Cayley transform @ (cf.(1.2)). In other
words, if M € Sp(g,R) and W € D, then

(2.9) M- -®(W)=o(M, W),

where M, = T"*MT € G.,. For a proof of Formula (2.9), we refer to the proof
of Theorem 3.1.
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For Q = (w;;) € Hy, we write Q = X +¢Y with X = (x;;), ¥ = (y;;) real
and dQ) = (dw;;). We also put

i_ 1+4;; 0O and i_ 1+6; O
o0 2 Bwij o0 N 2 8wij '

Then
(2.10) ds? = U(Y_ldQ Y—ldﬁ)

is a Sp(g,R)-invariant metric on H, (cf.[8]). H. Maass [5] proved that its
Laplacian is given by

(2.11) A=Ado <Y t(Y@%) a(?z) .

For W = (w;;) € Dy, we write dW = (dw;;) and dW = (dw;;). We put
_— = and _ = — .
6W 2 6wij GW 2 871}1']'

Using the Cayley transform @ : D, — H,, H. Maass proved (cf. [5]) that

(2.12) ds? = 40((19 — WW)~dW (I, - WW)—ldW)
is a G-invariant Riemannian metric on D, and its Laplacian is given by
— —. 0 0
— _ t _ — | =
(2.13) A,=0 <(Ig WW) ((Ig WW) 8W> 8W>'

3. A partial Cayley transform

In this section, we present a partial Cayley transform of D, x C9) onto
H, x C"9) and prove that the action (1.3) of G on H, x C"9) is compatible
with the natural action (cf. (3.5)) of the Jacobi group G/ on D, x C"9) via a
partial Cayley transform.

From now on, for brevity we write Hy ; = Hy X C9), We can identify an

element g = (M7 (A, FL)) of GY, M = (é g) € Sp(g,R) with the element
A 0 B Alu—B?tX
AL, o K
C 0 D Ctu—DtX
0 0 O I

of Sp(g + h,R). This subgroup plays an important role in investigating the
Fourier—Jacobi expansion of a Siegel modular form for Sp(g + h, R) (cf. [6]) and
studying the theory of Jacobi forms (cf. [1], [2], [9], [10], [11], [17]).

We set
T* - L Ingh Ig+h .
V2 \gn  —ilgin
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We now consider the group G defined by
G! =17'G'T.,.

If g = (M,(\, ;) € G7 with M = (é g) € Sp(g,R), then T 1gT, is
given by
_ P, Q
1 _ 7* 7*
where

b < P ;{Qt(AHu)—Pf(A—w)})
T\ +ip) Iy +i% ’

0. ( Q  H{rin-m-q t<A+w>})
s(A—ip) —i§
and P, ) are given by Formulas (2.4) and (2.5). From now on, we write
P Q 1 1 .k (P Q.
<<Q P> ) (2()""1#)7 5()‘_ZN)» _12>> = (Q* P*) .
In other words, we have the relation
_ A B P Q 1 o1 , K
1 . —((L % - U\ — i) —ie
Let
HEP = {(€m:0)| €1 €CM, (TN, ¢ +n'¢ symmetric }
be the Heisenberg group endowed with the following multiplication
&n: Qo (€ ns¢) =€+ m+u" s+ +E —n'E)).
We define the semidirect product
SL(2g,C) x HY™

endowed with the following multiplication

((ﬁ g) ’WHO) | ((; g) Gk c’))
_ ((; g) (;ﬁ g:) CE+E T+ +HE —ﬁ%’)) :
where £ = EP' + R’ and 77 = £Q’ +nS'.
If we identify H{Y™ with the subgroup
{(iff;iﬁ) | ¢ eCh9) ke RO }
of H((Cg ’h), we have the following inclusion

G? c SU(g,9) x H¥M c SL(29,C) x HY™.
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More precisely, if we recall G, = SU(g, g) NSp(g,C) (cf. (2.6)), we see that the
Jacobi group G is given by
(3.2)

Gl = {((g g) ,(E,ﬁ;m)) | (g g) € Gy, E€CM, meR(W”)}.

We define the mapping © : G — G/ by
(3.3)

(¢ D))= (G 90w 2owe))

where P and @ are given by Formulas (2.4) and (2.5). We can see that if

91,92 € G7, then ©(g1g2) = ©(91)O(g2).
According to [13, p. 250], G/ is of the Harish-Chandra type (cf. [7, p. 118]).

Let
G = ((g g) s (A g ﬂ))

be an element of G. Since the Harish-Chandra decomposition of an element

(g Cg) in SU(g, g) is given by

P Q\ (I, QSY\ (P—QS'R 0\( I, ©
R 5)~\o 1, 0 s)\sr 1,)°

the PF-component of the following element

IQ w .
g*(<0 Ig>7(03n70)>7 WeDg

of SL(2g,C) x Hég’h) is given by
(3.4)

((109 (PW+Q)(I?W+P)_1> , (0, (0 + AW + ) (QW + P)~ %0)> :

We can identify D, x C"9) with the subset

v ) oo ‘WGDg,ng(c(h,g)
0 I

of the complexification of G/. Indeed, D, x C"9) is embedded into P} given
by

P = { ((IOQ ‘f) ,(o,n;())) ‘ W ='W ecC9, nechs) }
g9
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This is a generalization of the Harish-Chandra embedding (cf. [7, p.119]).
Hence G/ acts on D, x C"™9) transitively by

(3.5) <<g g) s (A ’*f)) - (W, n)

—((PW +Q)@W +P)™", (n+ AW + ) @W + P)").

From now on, for brevity we write D, ;, = D, x C"9. We define the map ®,
of ]D)g,h into Hgﬁ by

(3:6) @.(Wyn) = (i, + W)Ly = W)™, 20 (I, = W)™1), (Won) € Dy

We can show that @, is a biholomorphic map of D, ; onto H, ; which gives
a partial bounded realization of Hy ; by the Siegel-Jacobi disk D, ;. We call
this map ®, the partial Cayley transform of the Siegel-Jacobi disk Dy 4.

Theorem 3.1. The action (1.3) of G’ on Hy}, is compatible with the action
(3.5) of G on Dy, through the partial Cayley transform ®.. In other words,
if go € G’ and (W,n) € Dy.p,

(3.7) go - P (W, 1) = ®u(g« - (W, m)),

where g, = T, 1goT.. We observe that Formula (3.7) generalizes Formula (2.9).
The inverse of ®, is

(3.8) 0710, 2) = (= il,)(Q+il,) ™", Z(Q+il,) 7).

g0 = ((é [B)) s (A ff))

be an element of G’ and let g, = T *goT,. Then

g = ((g g) ; (;(AHM% %(A—iu); —zS)) :

where P and @ are given by Formulas (2.4) and (2.5).
For brevity, we write

Proof. Let

(2.2) = &, (W,n) and (R, Z.) = go - (2 2).
That is,

Q=i(I,+ W)(I, - W)™ and Z=2inI,—W) "
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Then we get
Q. = (AQ+B)(CQ+ D)t

= Liaug,+wya,-w)yt+BYicu, + w)I,— W) ' +D o
{ H J

{iA(Ig + W)+ B(I, — W)}(Iq Wy
<[{ic, +w)+ D, -w) b, - W),l}—l

= {Ga-pw+aasmp{ic-pw+ (iCJrD)}_l
and

Ze = (Z4 M2+ p)(CQ+ D)
{20 (1, = W)™ i, + W)T, = W)™+ )

<o, +wy, - w) 4o}
= {2in NI+ W)+ Ty~ W) (I~ W)
<[{ic, +w)+ D, - w) b, - w)™] B

- {2z‘n+(Ai—u)W+)\i+u}{(z'C—D)W+(iC+D)}_1.
On the other hand, we set
(Weyn) =go - (Won) and  (,Z) = &.(Wa, ).
Then
W, = (PW +Q)@QW +P)~" and 1= n+AW +p)(@QW +P)~,

where A\, = (A + i) and p. = S(A — i p).
According to Formulas (2.4) and (2.5), we get

Q = i(I,+W)(I, — W)
i{Ig + (PW + Q)(QW +?)‘1}{Ig — (PW +Q)(QW Jrﬁ)‘l}i1
i(QW + P+ PW +Q)(QW + P)~!

{@W+P—PW-Q@w+P) '}

1

H{prowPrQ{@-Pw+P-Q)
= {@a-Bw+ (z’A—i—B)}{(z’C—D)W—l—(iC’—i—D)}il.

Therefore Q = €. In fact, this result is the known fact (cf. Formula (2.9)) that
the action (1.1) is compatible with the action (2.8) via the Cayley transform
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7 = 2in(I,—W,)!
20 (n+ AW+ 1) ( QW +P)!
{1, = (PW +Q)(QW +P)~ }_1
= 2i(n+ AW+ p)(QW +P)~H
x @W+P—PW—Q>@W+F>‘1}71

= 2i(77+/\*W+u*){(@—P)W+ﬁ—Q}71

Using Formulas (2.4) and (2.5), we obtain

~

5_ {2m+(M_M)W+)\i+,u}{(i0—D)W+z’O+D}*1

Hence Z = Z,. Consequently we get Formula (3.7). Formula (3.8) follows
immediately from a direct computation. O

Remark 3.1. R. Berndt and R. Schmidts (cf. [1, pp. 52-53]) investigated a par-
tial Cayley transform in the case g = h = 1.

For a coordinate (2, Z) € H, ;, with Q = (w,,,,) € H, and Z = (zj;) € C9),
we put
Q=X+, X =(z.), Y = (yu) real,
Z =U + iV, U = (ug), V = (vg) real,
dQ =(dwyy), dX = (drw), dY = (dyw),
dZ =(dzw), dU = (duw), dV = (dvg),
dQ = (dwy), dZ = (dzw),

9 (1406, 0 9 (146, 0
o9 2 Oww ) 2 Jwu )’

o6 .. & L
9 B 32'11 ' Bz.hl 9 B 192.11 . 6Z.h1
07 5 s A 5 S
E)zlg e Bzhg 8219 e c’)Zhg
Remark 3.2. The author proved in [15] that for any two positive real numbers
A and B, the following metric
ds2pap = AU<Y*1dQ Y*ldﬁ)
(3.9) +B {o(y—l WYYl Y-ldﬁ) + a(Y—l t(dZ) dZ)

70<V y-lioy -1 t(d?)) - a(v v-ldQy '(dz) )}
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is a Riemannian metric on Hy 5 which is invariant under the action (1.3) of the
Jacobi group G and its Laplacian is given by

Anman = j{”(yt<yaag) a%) + a(VY“Vt(y;’Z> ;’Z>
ol ) ( (37)m))

A
B’ aZ
3.10) generalize Formulas (2.10) and

We observe that Formulas (3.9) and (
(2.11). The following differential form

dvgp = (detY )"V [GX] A [dY] A [dU] A [dV]
is a G7-invariant volume element on Hy 5, where
[dX] = /\Ngydxlw, [dY} = /\ugydy/w, [dU] = /\deukl and [dV] = /\k,ldvkl-

Using the partial Cayley transform ®, and Theorem 3.1, we can find a G-
invariant Riemannian metric on the Siegel-Jacobi disk D, 5 and its Laplacian
explicitly which generalize Formulas (2.12) and (2.13). For more detail, we
refer to [16].

4. The canonical automorphic factors

The isotropy subgroup K/ at (0,0) under the action (3.5) is

“41) K= {((1; g) , (o,o;g)) ‘ PeU(g), k€ RN }

The complexification of K/ is given by

(42) K= {((15 tPO_l) , (o,o;g)) ] P € GL(g,C), ¢ € ChM } .

By a complicated computation, we can show that if

(4.3) gu = ((g g) s (A s F»))

is an element of G, then the K/ c-component of

I, W )
g*((Q Iq>7(037770))
is given by

(4.4) ((P_ (PW+Q)O@W+?)71@ QW0+P> , (o,o;m)),
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where
ke =K+ XN+ 0+ AW +p) A
—(+ AW + 1) 'Q QW + P)~" {4+ AW + p)
=K+ "4+ 4+ AW +p) ‘A
— (AW + ) (@QW + P)7'Q (1 + AW + p).

Here we used the fact that (QW + P)~1Q is symmetric.

For g. € G given by (4.3) with gg = < Q) € G, and (W,n) € Dy p,, we

P
Q P
write

where
a(gs, (W,n)) = (I24,(0,0;k4)), where K, is given in (4.4)

and

bgo, W) = ((P—(PWJFQ%(QWJFP)JQ QW0+P> | (0,0;0)).

Lemma 4.1. Let
p:GL(g,C) — GL(V,)

be a holomorphic representation of GL(g,C) on a finite dimensional complex
vector space V, and x : Ch) — C* be a character of the additive group
C™h) | Then the mapping

Jyp: Gl xDyp — GL(V,)
defined by
Ixp(gxs (Wym)) = x(alg«, (W,n))) p(b(g0. W))

is an automorphic factor of G with respect to x and p.
Proof. We observe that a(g., (W, n)) is a summand of automorphy, i.e.,

a(gig2, (W,n)) = algr, g2 - (W, n)) + a(ge, (W,n)),

where g1, g2 € G/ and (W,n) € Dy ». Together with this fact, the proof follows
from the fact that the mapping

Jp: Gy x Dy — GL(V),)

defined by
‘]P(goa W) = p(b(ng)), 9o S G*a W e Dg

is an automorphic factor of G,. O
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Example 4.1. Let M be a symmetric half-integral semi-positive definite ma-
trix of degree h and let p : GL(g,C) — GL(V,) be a holomorphic represen-
tation of GL(g,C) on a finite dimensional complex vector space V,. Then the
character
xm : C) X
defined by
XM (C) _ 672ma(/\/lc)’ ce C(h’h)
provides the automorphic factor
Ty s G x Dy — GL(V,)

defined by

Tatp(gss (W) = €2 p(QW + P),
where g, is an element in G given by (4.3) and k. is given in (4.4). Using
JM,p» we can define the notion of Jacobi forms on Dy , of index M with respect
to the Siegel modular group T~1Sp(g,Z) T (cf. [9], [10], [11]).

Remark 4.1. The P -component of

I, W ]
g*(<0 Ig>a(037770))
is given by

(4.6) (((wap)lQ 2,) (/\—(n+>\W+u)(QW—|—P)‘1Q7O;O)),

where

- Iy 0 . _t (9.9) (h9)
P _{<<W Ig),(g,o,c») ]W_ WeCw9, ¢eC .
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