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1. Introduction

For any positive integersg andh, we consider the Heisenberg group

H
(g,h)

R
:= {

(λ, µ, κ) | λ, µ ∈ R
(h,g), κ ∈ R

(h,h), κ + µ tλ symmetric
}
.

Recall that the multiplication law is

(λ, µ, κ) ◦ (λ′, µ′, κ ′) := (λ + λ′, µ + µ′, κ + κ ′ + λ tµ′ − µ tλ′).

HereR
(h,g) ( resp.R(h,h)) denotes the set of allh× g ( resp.h×h) real matrices.

The Heisenberg groupH(g,h)

R
is embedded into the symplectic groupSp(g +

h, R) via the mapping

H
(g,h)

R
3 (λ, µ, κ) 7−→




Eg 0 0 tµ

λ Eh µ κ

0 0 Eg −tλ

0 0 0 Eh


 ∈ Sp(g + h, R).

This Heisenberg group is a 2-step nilpotent Lie group and is important in the study
of toroidal compactifications of Siegel moduli spaces. In fact,H

(g,h)

R
is obtained

as the unipotent radical of the parabolic subgroup ofSp(g + h, R) associated
with the rational boundary componentFg ( cf. [F-C]p.123 or [N] p.21 ). For the
motivation of the study of this Heisenberg group we refer to [Y4]-[Y8] and [Z].
We refer to [Y1]-[Y3] for more results onH(g,h)

R
.
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In [C], P. Cartier stated without proof that forh = 1, the lattice representation
of H

(g,1)

R
associated to the latticeL is unitarily equivalent to the direct sum of

[L∗ : L] 1
2 copies of the Schr¨odinger representation ofH(g,1)

R
, whereL∗ is the

dual lattice ofL with respect to a certain nondegenerate alternating bilinear form.
R. Berndt proved the above fact for the caseh = 1 in his lecture notes [B]. In
this paper, we give a complete proof of Cartier’s theorem forH

(g,h)

R
.

Main Theorem. LetM be a positive definite, symmetric half-integral matrix of
degreeh andL be a self-dual lattice inC(h,g). Then the lattice representationπM
of H

(g,h)

R
associated withL andM is unitarily equivalent to the direct sum of

( det 2M )g copies of the Schr¨odinger representation ofH
(g,h)

R
. For more details,

we refer to Sect. 3.

The paper is organized as follows. In Sect. 2, we review the Schr¨odinger
representations of the Heisenberg groupH

(g,h)

R
. In Sect. 3, we prove the main

theorem. In the final section, we provide a relation between lattice representations
and theta functions.

Acknowledgements.This work was in part done during my stay at the Max-Planck-Institut f¨ur
Mathematik in Bonn. I am very grateful to the institute for hospitality and financial support. I also
would like to give my hearty thanks to the Department of Mathematics at Harvard University for
its hospitality during my short stay in Cambridge.

Notations.We denote byZ, R andC the ring of integers, the field of real num-
bers, and the field of complex numbers respectively. The symbolC

×
1 denotes

the multiplicative group consisting of all complex numbersz with |z| = 1, and
the symbolSp(g, R) the symplectic group of degreeg, Hg the Siegel upper
half plane of degreeg. The symbol “:=” means that the expression on the right
hand side is the definition of that on the left. We denote byZ

+ the set of all
positive integers, byF (k,l) the set of allk × l matrices with entries in a commu-
tative ringF . For anyM ∈ F (k,l), tM denotes the transpose matrix ofM. For
A ∈ F (k,k), σ (A) denotes the trace ofA. ForA ∈ F (k,l) andB ∈ F (k,k), we set
B[A] = tABA. We denote the identity matrix of degreek by Ek. For a positive
integern, Symm(n, K) denotes the vector space consisting of all symmetric
n × n matrices with entries in a fieldK.

2. Schrödinger representations

First of all, we observe thatH(g,h)

R
is a 2-step nilpotent Lie group. It is easy to

see that the inverse of an element(λ, µ, κ) ∈ H
(g,h)

R
is given by

(λ, µ, κ)−1 = (−λ, −µ, −κ + λ tµ − µ tλ).
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Now we set

(2.1) [λ, µ, κ] := (0, µ, κ) ◦ (λ, 0, 0) = (λ, µ, κ − µ tλ).

ThenH
(g,h)

R
may be regarded as a group equipped with the following multipli-

cation

(2.2) [λ, µ, κ] � [λ0, µ0, κ0] := [λ + λ0, µ + µ0, κ + κ0 + λ tµ0 + µ0
tλ].

The inverse of[λ, µ, κ] ∈ H
(g,h)

R
is given by

[λ, µ, κ]−1 = [−λ, −µ, −κ + λ tµ + µ tλ].
We set

(2.3) K :=
{

[0, µ, κ] ∈ H
(g,h)

R

∣∣∣ µ ∈ R
(h,g), κ = tκ ∈ R

(h,h)
}

.

ThenK is a commutative normal subgroup ofH
(g,h)

R
. Let K̂ be the Pontrajagin

dual ofK, i.e., the commutative group consisting of all unitary characters ofK.
ThenK̂ is isomorphic to the additive groupR(h,g) × Symm(h, R) via

(2.4) < a, â >:= e2πiσ(µ̂ tµ+κ̂κ), a = [0, µ, κ] ∈ K, â = (µ̂, κ̂) ∈ K̂.

We put

(2.5) S :=
{

[λ, 0, 0] ∈ H
(g,h)

R

∣∣∣ λ ∈ R
(h,g)

} ∼= R
(h,g).

ThenS acts onK as follows:

(2.6) αλ([0, µ, κ]) := [0, µ, κ + λ tµ + µ tλ], [λ, 0, 0] ∈ S.

It is easy to see that the Heisenberg group
(
H

(g,h)

R
, �

)
is isomorphic to the semi-

direct productS n K of S andK whose multiplication is given by

(λ, a) · (λ0, a0) := (λ + λ0, a + αλ(a0)), λ, λ0 ∈ S, a, a0 ∈ K.

On the other hand,S acts onK̂ by

(2.7) α∗
λ(â) := (µ̂ + 2κ̂λ, κ̂), [λ, 0, 0] ∈ S, a = (µ̂, κ̂) ∈ K̂.

Then, we have the relation< αλ(a), â >=< a, α∗
λ(â) > for all a ∈ K and

â ∈ K̂.

We have two types ofS-orbits inK̂.

Type I. Let κ̂ ∈ Symm(h, R) with κ̂ 6= 0. TheS-orbit of â(κ̂) := (0, κ̂) ∈ K̂

is given by

(2.8) Ôκ̂ :=
{

(2κ̂λ, κ̂) ∈ K̂

∣∣∣ λ ∈ R
(h,g)

} ∼= R
(h,g).
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Type II. Let ŷ ∈ R
(h,g). TheS-orbit Ôŷ of â(ŷ) := (ŷ, 0) is given by

(2.9) Ôŷ := {
(ŷ, 0)

} = â(ŷ).

We have

K̂ =

 ⋃

κ̂∈Symm(h,R)

Ôκ̂


 ⋃ 

 ⋃
ŷ∈R(h,g)

Ôŷ




as a set. The stabilizerSκ̂ of S at â(κ̂) = (0, κ̂) is given by

(2.10) Sκ̂ = {0}.
And the stabilizerSŷ of S at â(ŷ) = (ŷ, 0) is given by

(2.11) Sŷ =
{

[λ, 0, 0]
∣∣∣ λ ∈ R

(h,g)
}

= S ∼= R
(h,g).

From now on, we setG := H
(g,h)

R
for brevity. It is known thatK is a closed,

commutative normal subgroup ofG. Since(λ, µ, κ) = (0, µ, κ+µ tλ)◦(λ, 0, 0)

for (λ, µ, κ) ∈ G, the homogeneous spaceX := K\G can be identified with
R

(h,g) via
Kg = K ◦ (λ, 0, 0) 7−→ λ, g = (λ, µ, κ) ∈ G.

We observe thatG acts onX by

(2.12) (Kg) · g0 := K (λ + λ0, 0, 0) = λ + λ0,

whereg = (λ, µ, κ) ∈ G andg0 = (λ0, µ0, κ0) ∈ G.

If g = (λ, µ, κ) ∈ G, we have

(2.13) kg = (0, µ, κ + µ tλ), sg = (λ, 0, 0)

in the Mackey decomposition ofg = kg ◦ sg ( cf. [M] ). Thus if g0 = (λ0, µ0, κ0)

∈ G, then we have

(2.14) sg ◦ g0 = (λ, 0, 0) ◦ (λ0, µ0, κ0) = (λ + λ0, µ0, κ0 + λ tµ0)

and so

(2.15) ksg◦g0 = (0, µ0, κ0 + µ0
tλ0 + λ tµ0 + µ0

tλ).

For a real symmetric matrixc = t c ∈ R
(h,h) with c 6= 0, we consider the

one-dimensional unitary representationσc of K defined by

(2.16) σc ((0, µ, κ)) := e2πiσ(cκ) I, (0, µ, κ) ∈ K,

whereI denotes the identity mapping. Then the induced representationU(σc) :=
IndG

K σc of G induced fromσc is realized in the Hilbert spaceHσc
= L2(X, dġ,
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C) ∼= L2
(
R

(h,g), dξ
)

as follows. Ifg0 = (λ0, µ0, κ0) ∈ G andx = Kg ∈ X

with g = (λ, µ, κ) ∈ G, we have

(2.17)
(
Ug0(σc)f

)
(x) = σc

(
ksg◦g0

)
(f (xg0)) , f ∈ Hσc

.

It follows from (2.15) that

(2.18)
(
Ug0(σc)f

)
(λ) = e2πiσ {c(κ0+µ0

tλ0+2λ tµ0)} f (λ + λ0).

Here, we identifiedx = Kg (resp.xg0 = Kgg0) with λ (resp. λ + λ0). The
induced representationU(σc) is called theSchrödinger representationof G as-
sociated withσc. ThusU(σc) is a monomial representation.

Now, we denote byHσc the Hilbert space consisting of all functionsφ :
G −→ C which satisfy the following conditions:

(1) φ(g) is measurable with respect todg,
(2) φ ((0, µ, κ) ◦ g)) = e2πiσ(cκ)φ(g) for all g ∈ G,

(3) ‖ φ ‖2:= ∫
X

|φ(g)|2 dġ < ∞, ġ = Kg,

wheredg (resp.dġ) is aG-invariant measure onG (resp.X = K\G). The inner
product( , ) onHσc is given by

(φ1, φ2) :=
∫

G

φ1(g) φ2(g) dg for φ1, φ2 ∈ Hσc .

We observe that the mappingΦc : Hσc
−→ Hσc defined by

(2.19) (Φc(f )) (g) := e2πiσ {c(κ+µ tλ)} f (λ), f ∈ Hσc
, g = (λ, µ, κ) ∈ G

is an isomorphism of Hilbert spaces. The inverseΨc : Hσc −→ Hσc
of Φc is

given by

(2.20) (Ψc(φ)) (λ) := φ((λ, 0, 0)), φ ∈ Hσc , λ ∈ R
(h,g).

The Schr¨odinger representationU(σc) of G onHσc is given by

(2.21)
(
Ug0(σc)φ

)
(g) = e2πiσ {c(κ0+µ0

tλ0+λ tµ0−λ0
tµ)} φ ((λ0, 0, 0) ◦ g) ,

whereg0 = (λ0, µ0, κ0), g = (λ, µ, κ) ∈ G and φ ∈ Hσc . (2.21) can be
expressed as follows.

(2.22)
(
Ug0(σc)φ

)
(g) = e2πiσ {c(κ0+κ+µ0

tλ0+µ tλ+2λ tµ0)} φ((λ0 + λ, 0, 0)).

Theorem 2.1.Let c be a positive symmetric half-integral matrix of degreeh.
Then the Schr¨odinger representationU(σc) of G is irreducible.

Proof.The proof can be found in [Y1], theorem 3. �
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3. Proof of the Main Theorem

Let L := Z
(h,g) × Z

(h,g) be the lattice in the vector spaceV ∼= C
(h,g). Let B be

an alternating bilinear form onV such thatB(L, L) ⊂ Z, that is,Z-valued on
L × L. The dualL∗

B of L with respect toB is defined by

L∗
B := { v ∈ V | B(v, l) ∈ Z for all l ∈ L } .

ThenL ⊂ L∗
B. If B is nondegenerate,L∗

B is also a lattice inV, called thedual
latticeof L. In caseB is nondegenerate, there exist aZ-basis{ ξ11, ξ12, · · · , ξhg,

η11, η12, · · · , ηhg } of L and a set{ e11, e12, · · · , ehg } of positive integers such
thate11|e12, e12|e13, · · · , eh,g−1|ehg for which(

B(ξka, ξlb) B(ξka, ηlb)

B(ηka, ξlb) B(ηka, ηlb

)
=

(
0 e

−e 0

)
,

where 1≤ k, l ≤ h, 1 ≤ a, b ≤ g and e := diag(e11, e12, · · · , ehg) is the
diagonal matrix of degreehg with entriese11, e12, · · · , ehg. It is well known that
[L∗

B : L] = ( dete )2 = (e11e12 · · · ehg)
2 (cf. [I] p.72). The number dete is called

thePfaffianof B.

Now, we consider the following subgroups ofG:

(3.1) ΓL := {
(λ, µ, κ) ∈ G | (λ, µ) ∈ L, κ ∈ R

(h,h)
}

and

(3.2) ΓL∗
B

:= {
(λ, µ, κ) ∈ G | (λ, µ) ∈ L∗

B, κ ∈ R
(h,h)

}
.

Then bothΓL andΓL∗
B

are normal subgroups ofG. We set

(3.3) Z0 := {
(0, 0, κ) ∈ G | κ = t κ ∈ Z

(h,h) integral
}
.

It is easy to show that

ΓL∗
B

= {
g ∈ G | gγg−1γ −1 ∈ Z0 for all γ ∈ ΓL

}
.

We define

(3.4) YL := {
ϕ ∈ Hom(ΓL, C

×
1 ) | ϕ is trivial onZ0

}
and

(3.5) YL,S := {
ϕ ∈ YL | ϕ(κ) = e2πiσ(Sκ) for all κ = t κ ∈ R

(h,h)
}

for each symmetric real matrixS of degreeh. We observe that, ifS is not half-
integral, thenYL = ∅ and soYL,S = ∅. It is clear that, ifS is symmetric
half-integral, thenYL,S is not empty.
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Thus we have

(3.6) YL = ∪M YL,M,

whereM runs through the set of all symmetric half-integral matrices of degree
h.

Lemma 3.1.LetM be a symmetric half-integral matrix of degreeh with M 6= 0.

Then any elementϕ of YL,M is of the formϕM,q . HereϕM,q is the character of
ΓL defined by

(3.7) ϕM,q((l, κ)) := e2πiσ(Mκ) · eπiq(l) for (l, κ) ∈ ΓL,

whereq : L −→ R/2Z ∼= [0, 2) is a function onL satisfying the following
condition:

(3.8) q(l0 + l1) ≡ q(l0) + q(l1) − 2σ {M(λ0
tµ1 − µ0

tλ1)} ( mod 2)

for all l0 = (λ0, µ0) ∈ L andl1 = (λ1, µ1) ∈ L.

Proof. (3.8) follows immediately from the fact thatϕM,q is a character ofΓL. It
is obvious that any element ofYL,M is of the formϕM,q . �
Lemma 3.2.An element ofYL,0 is of the formϕk,l (k, l ∈ R

(h,g)). Hereϕk,l is
the character ofΓL defined by

(3.9) ϕk,l(γ ) := e2πiσ(k tλ+l tµ), γ = (λ, µ, κ) ∈ ΓL.

Proof. It is easy to prove and so we omit the proof. �
Lemma 3.3.Let M be a nonsingular symmetric half-integral matrix of degree
h. Let ϕM,q1 andϕM,q2 be the characters ofΓL defined by (3.7). The character
ϕ of ΓL defined byϕ := ϕM,q1 · ϕ−1

M,q2
is an element ofYL,0.

Proof. It follows from the existence of an elementg = (M−1λ, M−1µ, 0) ∈ G

with (λ, µ) ∈ V such that

ϕM,q1(γ ) = ϕM,q2(gγg−1) for all γ ∈ ΓL.

�
For a unitary characterϕM,q of ΓL defined by (3.7), we let

(3.10) πM,q := IndG
ΓL

ϕM,q

be the representation ofG induced fromϕM,q . Let HM,q be the Hilbert space
consisting of all measurable functionsφ : G −→ C satisfying

(L1) φ(γg) = ϕM,q(γ ) φ(g) for all γ ∈ ΓL andg ∈ G.

(L2) ‖φ‖2
M,q

:= ∫
ΓL\G |φ(ḡ)|2 dḡ < ∞, ḡ = ΓLg.
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The induced representationπM,q is realized inHM,q as follows:

(3.11)

(
πM,q(g0)φ

)
(g) := φ(gg0), g0, g ∈ G, φ ∈ HM,q .

The representationπM,q is called thelattice representationof G associated with
the latticeL.

Main Theorem. Let M be a positive definite, symmetric half integral matrix of
degreeh. LetϕM be the character ofΓL defined byϕM((λ, µ, κ)) := e2πiσ(Mκ)

for all (λ, µ, κ) ∈ ΓL. Then the lattice representation

πM := IndG
ΓL

ϕM

induced from the characterϕM is unitarily equivalent to the direct sum⊕
U(σM) :=

⊕
IndG

K σM ( ( det 2M )g-copies)

of the Schr¨odinger representation IndG
K σM.

Proof.We first recall that the induced representationπM is realized in the Hilbert
spaceHM consisting of all measurable functionsφ : G −→ C satisfying the
conditions

(3.13) φ((λ0, µ0, κ0) ◦ g) = e2πiσ(Mκ0) φ(g), (λ0, µ0, κ0) ∈ ΓL, g ∈ G

and

(3.14) ‖φ‖2
π,M :=

∫
ΓL\G

|φ(ḡ)|2 dḡ < ∞, ḡ = ΓL ◦ g.

Now, we write

g0 = [λ0, µ0, κ0] ∈ ΓL and g = [λ, µ, κ] ∈ G.

Forφ ∈ HM, we have

(3.15) φ(g0 � g) = φ([λ0 + λ, µ0 + µ, κ0 + κ + λ0
tµ + µ tλ0]).

On the other hand, we get

φ(g0 � g) = φ((λ0, µ0, κ0 − µ0
tλ0) ◦ g)

= e2πiσ {M(κ0−µ0
tλ0)} φ(g)

= e2πiσ(Mκ0) φ(g) ( becauseσ(Mµ0
tλ0) ∈ Z )

Thus, puttingκ ′ := κ0 + λ0
tµ + µ tλ0, we get

(3.16) φ([λ0 + λ, µ0 + µ, κ + κ ′]) = e2πiσ(Mκ ′) · e−4πiσ(Mλ0
tµ) φ([λ, µ, κ]).
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Puttingλ0 = κ0 = 0 in (3.16), we have

(3.17) φ([λ, µ+µ0, κ]) = φ([λ, µ, κ]) for all µ0 ∈ Z
(h,g) and[λ, µ, κ] ∈ G.

Therefore if we fixλ andκ, φ is periodic inµ with respect to the latticeZ(h,g)

in R
(h,g). We note that

φ([λ, µ, κ]) = φ([0, 0, κ] � [λ, µ, 0]) = e2πiσ(Mκ) φ([λ, µ, 0])

for [λ, µ, κ] ∈ G. Hence,φ admits a Fourier expansion inµ :

(3.18) φ([λ, µ, κ]) = e2πiσ(Mκ)
∑

N∈Z(h,g)

cN(λ) e2πiσ(N tµ).

If λ0 ∈ Z
(h,g), then we have

φ([λ + λ0, µ, κ]) = e2πiσ(Mκ)
∑

N∈Z(h,g)

cN(λ + λ0) e2πiσ(N tµ)

= e−4πiσ(Mλ0
t µ) φ([λ, µ, κ]) ( by (3.16) )

= e−4πiσ(Mλ0
t µ) e2πiσ(Mκ)

∑
N∈Z(h,g)

cN(λ) e2πiσ(N tµ),

= e2πiσ(Mκ)
∑

N∈Z(h,g)

cN(λ) e2πiσ {(N−2Mλ0)
tµ}. ( by (3.18) )

So we get

∑
N∈Z(h,g)

cN(λ + λ0) e2πiσ(N tµ)

=
∑

N∈Z(h,g)

cN(λ) e2πiσ {(N−2Mλ0)
tµ}

=
∑

N∈Z(h,g)

cN+2Mλ0(λ) e2πiσ(N tµ).

Hence, we get

(3.19) cN(λ + λ0) = cN+2Mλ0(λ) for all λ0 ∈ Z
(h,g) andλ ∈ R

(h,g).

Consequently, it is enough to know only the coefficientscα(λ) for the represen-
tativesα in Z

(h,g) modulo 2M. It is obvious that the number of all suchα’s is
(det 2M)g. We denote byJ a complete system of such representatives inZ

(h,g)

modulo 2M.
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Then, we have

φ([λ, µ, κ]) = e2πiσ(Mκ)

{ ∑
N∈Z(h,g)

cα+2MN(λ) e2πiσ {(α+2MN) tµ}

+
∑

N∈Z(h,g)

cβ+2MN(λ) e2πiσ {(β+2MN) tµ}

·
·
+

∑
N∈Z(h,g)

cγ+2MN(λ) e2πi{(γ+2MN) tµ}
}
,

where{ α, β, · · · , γ } denotes the complete systemJ .

For eachα ∈ J , we denote byHM,α the Hilbert space consisting of Fourier
expansions

e2πiσ(Mκ)
∑

N∈Z(h,g)

cα+2MN(λ) e2πiσ { (α+2MN) tµ}, (λ, µ, κ) ∈ G,

wherecN(λ) denotes the coefficients of the Fourier expansion (3.18) ofφ ∈ HM
andφ runs over the set{ φ ∈ πM }. It is easy to see thatHM,α is invariant under
πM. We denote the restriction ofπM to HM,α by πM,α. Then we have

(3.20) πM =
⊕
α∈J

πM,α.

Let φα ∈ πM,α. Then for[λ, µ, κ] ∈ G, we get

(3.21) φα([λ, µ, κ]) = e2πiσ(Mκ)
∑

N∈Z(h,g)

cα+2MN(λ) e2πiσ {(α+2MN) tµ}.

We put

Iλ :=
(h×g)-times︷ ︸︸ ︷

[0, 1] × [0, 1] × · · · × [0, 1] ⊂ { [λ, 0, 0] | λ ∈ R
(h,g)

}
and

Iµ :=
(h×g)-times︷ ︸︸ ︷

[0, 1] × [0, 1] × · · · × [0, 1] ⊂ { [0, µ, 0] | µ ∈ R
(h,g)

}
.

Then, we obtain

(3.22)
∫

Iµ

φα([λ, µ, κ]) e−2πiσ(α tµ) dµ = e2πiσ(Mκ) cα(λ), α ∈ J .
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SinceΓL\G ∼= Iλ × Iµ, we get

‖φα‖2
π,M,α : = ‖φα‖2

π,M =
∫

ΓL\G
|φα(ḡ)|2 dḡ

=
∫

Iλ

∫
Iµ

|φα(ḡ)|2 dλdµ

=
∫

Iλ×Iµ

∣∣∣∣ ∑
N∈Z(h,g)

cα+2MN(λ) e2πiσ {(α+2MN) tµ}
∣∣∣∣
2

dλdµ

=
∫

Iλ

∑
N∈Z(h,g)

|cα+2MN(λ)|2 dλ

=
∫

Iλ

∑
N∈Z(h,g)

|cα(λ + N)|2 dλ ( by (3.19) )

=
∫

R(h,g)

|cα(λ)|2 dλ.

Sinceφα ∈ πM,α, ‖φα‖π,M,α < ∞ and socα(λ) ∈ L2
(
R

(h,g), dξ
)

for all
α ∈ J .

For eachα ∈ J , we define the mappingϑM,α onL2
(
R

(h,g), dξ
)

by

(3.23) (ϑM,αf )([λ, µ, κ]) := e2πiσ(Mκ)
∑

N∈Z(h,g)

f (λ + N) e2πiσ {(α+2MN) tµ},

wheref ∈ L2
(
R

(h,g), dξ
)

and[λ, µ, κ] ∈ G.

Lemma 3.4.For eachα ∈ J , the image ofL2
(
R

(h,g), dξ
)

underϑM,α is con-
tained inHM,α. Moreover, the mappingϑM,α is a one-to-one unitary operator
of L2

(
R

(h,g), dξ
)

ontoHM,α preserving the norms. In other words, the mapping

ϑM,α : L2
(
R

(h,g), dξ
) −→ HM,α

is an isometry.

Proof.We already showed thatϑM,α preserves the norms. First, we observe that
if (λ0, µ0, κ0) ∈ ΓL andg = [λ, µ, κ] ∈ G,

(λ0, µ0, κ0) ◦ g = [λ0, µ0, κ0 + µ0
tλ0] � [λ, µ, κ]

= [λ0 + λ, µ0 + µ, κ + κ0 + µ0
tλ0 + λ0

tµ + µ tλ0].
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Thus we get

(ϑM,αf )((λ0, µ0, κ0) ◦ g)

= e2πiσ {M(κ+κ0+µ0
tλ0+λ0

t µ+µ tλ0)}
∑

N∈Z(h,g)

f (λ + λ0 + N) e2πi{(α+2MN) t (µ0+µ)}

= e2πiσ(Mκ0) · e2πiσ(Mκ) · e2πiσ(α tµ0)
∑

N∈Z(h,g)

f (λ + N) e2πiσ {(α+2MN) tµ}

= e2πiσ(Mκ0) (ϑM,αf )(g).

Here, in the above equalities we used the facts that 2σ(MN tµ0) ∈ Z and
α tµ0 ∈ Z. It is easy to show that∫

ΓL\G
|ϑM,αf (ḡ)|2 dḡ =

∫
R(h,g)

|f (λ)|2 dλ = ‖f ‖2
2 < ∞.

This completes the proof of Lemma 3.4.

Finally, it is easy to show that for eachα ∈ J , the mappingϑM,α intertwines
the Schr¨odinger representation

(
U(σM), L2(R(h,g), dξ)

)
and the representation

(πM,α, HM,α). Therefore, by Lemma 3.4, for eachα ∈ J , πM,α is unitarily
equivalent toU(σM) and soπM,α is an irreducible unitary representation ofG.

According to (3.20), the induced representationπM is unitarily equivalent to⊕
U(σM) ( ( det 2M)g-copies).

This completes the proof of the Main Theorem. �

4. Relation of lattice representations to theta functions

In this section, we state the connection between lattice representations and theta
functions.As before, we writeV = R

(h,g) ×R
(h,g) ∼= C

(h,g), L = Z
(h,g) ×Z

(h,g)

andM is a positive symmetric half-integral matrix of degreeh. The function
qM : L −→ R/2Z = [0, 2) defined by

(4.1) qM((ξ, η)) := 2σ(Mξ tη), (ξ, η) ∈ L

satisfies Condition (3.8). We letϕM,qM : ΓL −→ C
×
1 be the character ofΓL

defined by

ϕM,qM((l, κ)) = e2πi σ(Mκ) eπi qM(l) , (l, κ) ∈ ΓL.

We denote byHM,qM the Hilbert space consisting of measurable functions
φ : G −→ C which satisfy Condition (4.2) and Condition (4.3):

(4.2) φ((l, κ) ◦ g) = ϕM,qM((l, κ)) φ(g) for all (l, κ) ∈ ΓL andg ∈ G.
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(4.3)

∫
ΓL\G

‖φ(ġ)‖2 dġ < ∞, ġ = ΓL ◦ g.

Then the lattice representation

πM,qM := IndG
ΓL

ϕM,qM

of G induced from the characterϕM,qM is realized inHM,qM as(
πM,qM(g0) φ

)
(g) = φ(gg0), g0, g ∈ G, φ ∈ HM,qM .

LetHM,qM be the vector space consisting of measurable functionsF : V −→ C

satisfying Conditions (4.4) and (4.5).

(4.4) F (λ + ξ, µ + η) = e2πi σ {M(ξ t η+λ t η−µ t ξ)} F(λ, µ)

for all (λ, µ) ∈ V and(ξ, η) ∈ L.

(4.5)

∫
L\V

‖F(v̇)‖2 dv̇ =
∫

Iλ×Iµ

‖F(λ, µ)‖2 dλdµ < ∞.

Given φ ∈ HM,qM and a fixed elementΩ ∈ Hg, we put

(4.6) Eφ(λ, µ) := φ((λ, µ, 0)), λ, µ ∈ R
(h,g),

(4.7) Fφ(λ, µ) := φ([λ, µ, 0]), λ, µ ∈ R
(h,g),

(4.8) FΩ,φ(λ, µ) := e−2πi σ(MλΩ tλ) Fφ(λ, µ), λ, µ ∈ R
(h,g).

In addition, we put forW = λΩ + µ ∈ C
(h,g),

(4.9) ϑΩ,φ(W) = ϑΩ,φ(λΩ + µ) := FΩ,φ(λ, µ).

We observe thatEφ, Fφ andFΩ,φ are functions defined onV and ϑΩ,φ is a
function defined onC(h,g).

Proposition 4.1.If φ ∈ HM,qM, (ξ, η) ∈ L and(λ, µ) ∈ V, then we have the
formulas

(4.10) Eφ(λ + ξ, µ + η) = e2πi σ {M(ξ t η+λ t η−µ t ξ)} Eφ(λ, µ).

(4.11)
Fφ(λ + ξ, µ + η) = e−4πi σ(Mξ tµ) Fφ(λ, µ).

(4.12) FΩ,φ(λ + ξ, µ + η) = e−2πi σ {M(ξΩ t ξ+2λΩ t ξ+2µ t ξ)} FΩ,φ(λ, µ).

If W = λΩ + η ∈ C
(h,g), then we have

(4.13) ϑΩ,φ(W + ξΩ + η) = e−2πi σ {M(ξΩ t ξ+2W tξ)} ϑΩ,φ(W).
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Moreover,Fφ is an element ofHM,qM .

Proof.We note that

(λ + ξ, µ + η, 0) = (ξ, η, −ξ tµ + η tλ) ◦ (λ, µ, 0).

Thus we have

Eφ(λ + ξ, µ + η) = φ((λ + ξ, µ + η, 0))

= φ((ξ, η, −ξ tµ + η tλ) ◦ (λ, µ, 0))

= e2πiσ {M(ξ t η+λ t η−µ t ξ)} φ((λ, µ, 0))

= e2πiσ {M(ξ t η+λ t η−µ t ξ)} Eφ(λ, µ).

This proves Formula (4.10). We observe that

[λ + ξ, µ + η, 0] = (ξ, η, −ξ tµ − µ tξ − η tξ) ◦ [λ, µ, 0].
Thus we have

Fφ(λ + ξ, µ + η) = φ([λ + ξ, µ + η, 0])
= e−2πi σ {M(ξ tµ+µ t ξ+η t ξ)}

× e2πi σ(Mξ t η) φ([λ, µ, 0])
= e−4πi σ(Mξ tµ) φ([λ, µ, 0])
= e−4πi σ(Mξ tµ) Fφ(λ, µ).

This proves Formula (4.11). According to (4.11), we have

FΩ,φ(λ + ξ, µ + η) = e−2πi σ {M(λ+ξ)Ω t (λ+ξ)} Fφ(λ + ξ, µ + η)

= e−2πi σ {M(λ+ξ)Ω t (λ+ξ)}

× e−4πi σ(Mξ tµ) Fφ(λ, µ)

= e−2πi σ {M(ξΩ t ξ+2λΩ t ξ+2µ t ξ)}

× e−2πi σ(MλΩ tλ) Fφ(λ, µ)

= e−2πi σ {M(ξΩ t ξ+2λΩ t ξ+2µ t ξ)} FΩ,φ(λ, µ).

This proves Formula (4.12). Formula (4.13) follows immediately from Formula
(4.12). Indeed, ifW = λΩ + µ with λ, µ ∈ R

(h,g), we have

ϑΩ,φ(W + ξΩ + η) = FΩ,φ(λ + ξ, µ + η)

= e−2πi σ {M(ξΩ t ξ+2(λΩ+µ) t ξ)} FΩ,φ(λ, µ)

= e−2πi σ {M(ξΩ t ξ+2W tξ)} ϑΩ,φ(W).

�
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Remark 4.2.The functionϑΩ,φ(W) is a theta function of level 2M with respect
to Ω if ϑΩ,φ is holomorphic. For anyφ ∈ HM,qM, the functionϑΩ,φ satisfies
the well known transformation law of a theta function. In this sense, the lattice
representation( πM,qM, HM,qM ) is closely related to theta functions.
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