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Introduction

• For mathematicians: Jacobi group– GJ
n = Hn o Sp(n,R)

(2n + 1)(n + 1)- dim. Generalized Jacobi groups (Takase, Yang, Lee...)

GJ
n - group of Harish-Chandra type (Satake), and Coherent State type

group (Moskovici & Verona, Lisiecki, Neeb,...)

• In Physics: Schrödinger (Hagen, or conformal Galilean...) group.

1972, U. Niederer: the maximal kinematical invariance group of the
free Schrödinger equation– 12-parameter group

Barut & Raczka; Dobrev & all: Schrödinger group in
(n + 1)-space-time dimensions

In the case n = 1 with t ∈ C,=(t) > 0, x ∈ C, corresponds to GJ
1(R) of

Eichler & Zagier, Kähler, Berndt.
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Introduction

• Denomination Jacobi group GJ
n was introduced by Eichler and

Zagier, Theory of Jacobi forms (1985), inspired by Pyatetskii-Shapiro,
who referred to Fourier-Jacobi expansion, and to some coefficients as
Jacobi forms
• The denomination Jacobi group was adopted also in the monograph
Berndt & Schmidt Elements of the Representation Theory of the
Jacobi group (1998).
• Kirillov: st(n,R) – 1974; tsp(2n + 2,R) – 2004
• K. B. Wolf: Weyl-symplectic group-1975; Integral transforms in
science and engineering, Plenum (1979); Geometric Optics on Phase
Space, Springer (2004)
• R. Berndt (1984), E. Kähler (1983); Poincaré group or The New
Poincaré group investigated by Erich Kähler as the 10-dimensional
group GK (a double cover of the de Sitter group SO0(4,1)) which
invariates the metric ds2 = t−2(dx2 + dy2 + dz2 + dt2). Quaternionic
2× 2 matrices.

Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group 5/41 Bucharest, 2010 5 / 41



Introduction

Jacobi & Physics

The Jacobi group is an important object in connection with Quantum
Mechanics, Geometric Quantization, Optics.

Jacobi group describes squeezed states in Quantum Optics (see
Stoler).

Applications of squeezed states: detection of gravitational waves,
quantum communications, entanglement, quantum cryptography,
teleportation, ....

For the harmonic oscillator: ∆x = ∆p = 1/
√

2 (in units of ~). “The
squeezed states”: ∆x < 1/

√
2. The squeezed states are a particular

class of minimum uncertainty states — states which saturates the
Heisenberg uncertainty relation = CS states bazed on the Siegel upper
half plane Hn.
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Introduction

Appendix- general definitions

Coherent state (à la Perelomov): (G, π,H) G = Lie group, π = unitary
irreducible representation of G on the complex separable Hibert space
H. A common realization of coherent states as space of holomorphic
functions defined on the homogeneous manifold M = G/H, square
integrable with respect to a scalar product determined by the
reproducing kernel K . Usually M is a Kähler manifold.
X := dπ(X ),X ∈ g
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The Jacobi group GJ
1

The Jacobi algebra gJ
1

The (6-dim) Jacobi algebra

gJ
1 := h1 o su(1,1), (2.1)

h1 is an ideal in gJ
1

[a,a†] = 1, [K0,K±] = ±K± , [K−,K+] = 2K0,

[a,K+] = a† ,
[
K−,a†

]
= a,

2
[
K0, a†

]
= a†, 2 [K0,a] = −a.
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The Jacobi group GJ
1

Perelomov’s CS vectors

ae0 = 0, K−e0 = 0, K 0e0 = ke0; k > 0,2k = 2,3, ....

For SU(1,1), D+
k the positive discrete series representations

(Bargmann).
To GJ

1 we associate Perelomov’s CS vectors

ez,w := eza†+wK +e0, z,w ∈ C, |w | < 1. (2.3)

on (4-dim) manifold

M := H1/R× SU(1,1)/U(1) = C×D1(:= DJ
1)
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The Jacobi group GJ
1

The displacement operator

D(α) := exp(αa† − ᾱa) (2.4)

S – the unitary squeezed operator – the Dk
+ representation of the

group SU(1,1), S(z) = S(w), z, w ∈ C, |w | < 1:

S(z) := exp(zK + − z̄K−), w =
z
|z|

tanh(|z|);

S(w) = exp(wK +) exp(ηK 0) exp(−w̄K−);

The normalized (squeezed) CS vector

Ψα,w := D(α)S(w)e0. (2.6)
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The Jacobi group GJ
1

The base of functions & Reproducing Kernel

Proposition

f|n>;ek′,k′+m
(z,w) =

√
Γ(n + 2k)

n!Γ(2k)
wn Pn(z,w)√

n!

Pn(z,w) = n!

[ n
2 ]∑

k=0

(
w
2

)k zn−2k

k !(n − 2k)!
, z,w ∈ DJ

1. (2.7)

K (z,w ; z̄ ′, w̄ ′) := (ez̄,w̄ ,ez̄′,w̄ ′) = (1− ww̄ ′)−2k exp
2z̄ ′z + z2w̄ ′ + z̄ ′2w

2(1− ww̄ ′)

Ψα,w = (1− ww̄)k exp(− ᾱ
2

z)ez,w , z = α− w ᾱ. (2.8)
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The Jacobi group GJ
1

The composition law & the action

Proposition

GJ
1 := HW o SU(1,1)

(g1, α1, t1) ◦ (g2, α2, t2) = (g1 ◦ g2,g−1
2 ·α1 +α2, t1 + t2 +=(g−1

2 ·α1ᾱ2)),

g =

(
a b
b̄ ā

)
, |a|2 − |b|2 = 1,

αg = aα + b ᾱ,

h := (g, α) ∈ GJ
1 , π(h) := S(g)D(α), g ∈ SU(1,1), α ∈ C,

z1 =
α− ᾱw + z

b̄w + ā
; w1 = g ·w =

aw + b
b̄w + ā

, (z,w) ∈ DJ
1 := C×D1. (2.9)
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The Jacobi group GJ
1

Scalar product ; Kähler two-form

(φ, ψ) = Λ1

∫
z∈C;|w |<1

f̄φ(z,w)fψ(z,w)(1−ww̄)2k×

exp− |z|2

1−ww̄
exp−z2w̄ +z̄2w

2(1−ww̄)
dν1,

dν1 =
d<wd=w
(1− ww̄)3 d<zd=z, the GJ

1-invariant measure

Λ1 =
4k − 3

2π2 .

−i ω1 =
2k

(1− ww̄)2 dw ∧ dw̄ +
A ∧ Ā

1− ww̄
, A = dz + ᾱ0dw ,

α0 =
z + z̄w
1− ww̄

.
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The real Jacobi group GJ
1 (R)

Action

Rolf Berndt – the real Jacobi group GJ(R). Kähler and Berndt – Jacobi
group GJ

0(R) := SL2(R) n R2 acting on the manifold XJ
1 := H1 × C. H1

– upper half plane H1 := {v ∈ C|=(v) > 0}.

Remark

The action of GJ
0(R) on XJ

1 is given by (g, (v , z))→ (v1, z1), g = (M, l),
where

v1 =
av + b
cv + d

, z1 =
z + l1v + l2

cv + d
; M =

(
a b
c d

)
∈ SL2(R), (l1, l2) ∈ R2.
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The real Jacobi group GJ
1 (R)

Partial Cayley transform & Kähler 2-form of Kähler

Remark

The action C−1GJ
0(R)C, descends on the basis as the biholomorphic

map: Č−1 : XJ
1 := H1 × C→ DJ

1 := D1 × C:

w =
v − i
v + i

; z =
2iu

v + i
,w ∈ D1, v ∈ H1, z ∈ C. (3.1)

Remark

When expressed in the coordinates (v ,u) ∈ XJ
1 which are related to

the coordinates (w , z) ∈ DJ
1 by the map (3.1), our Kähler two-form ω1

−iω1 =
2k

(1− ww̄)2 dw ∧ dw̄ +
A ∧ Ā

1− ww̄
, A = dz + ᾱ0dw , α0 =

z + z̄w
1− ww̄

is identical with the one considered by Kähler-Berndt.
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The Jacobi group GJ
n

Jacobi algebra

gJ
n := hn o sp(n,R)

[ai ,a+
j ] = δij ; [ai ,aj ] = [a+

i ,a
+
j ] = 0.

[a+
k ,K

+
ij ] = [ak ,K−ij ] = 0, 2[ai ,K +

kj ] = δika+
j + δija+

k ,

2[K 0
ij ,a

+
k ] = δjka+

i , 2[ak ,K 0
ij ] = δikaj , 2[K−kj ,a

+
i ] = δikaj + δijak .
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The Jacobi group GJ
n

Composition law

GJ
n := Hn o Sp(n,R),g =

(
A B
B̄ Ā

)
∈ Sp(n,R)C,

(α2, t2) ◦ (α1, t1) = (α2 + α1, t2 + t1 + Im(α2ᾱ1)).

(g1, α1, t1)◦ (g2, α2, t2) =
(
g1 ◦g2,g−1

2 ·α1 +α2, t1 + t2 + Im(g−1
2 ·α1ᾱ2)

)
.

g · α̃ : Aα + B ᾱ
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The Jacobi group GJ
n

The action of Jacobi group on Siegel-Jacobi disc

M = DJ
n = Hn/R× Sp(n,R)/U(n) = Cn ×Dn, (M – n(n+3)

2 -dimensional
manifold)

Dn := {Z ∈ M(n,C)|Z = Z t , 1− ZZ̄ > 0}

The action of the group GJ
n on DJ

n: (g, α)× (W , z)→ (W1, z1):

W1 = (AW + B)(B̄W + Ā)−1; (4.2a)
z1 = (WB∗ + A∗)−1(z + α−W ᾱ). (4.2b)
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The Jacobi group GJ
n

Coherent states

ez,W = exp(X )e0, X :=
∑

i

zia+
i +

∑
ij

wijK +
ij , z = (zi), (4.3)

aieo = 0, i = 1, · · · ,n. (4.4)

K +
ij e0 6= 0, K−ij e0 = 0, K 0

ij e0 =
ki

4
δije0, i , j = 1, . . . ,n (4.5)

e0 = eH
0 ⊗ eK

0 : eH
0 – the minimum weight vector (vaccum) for the

Heisenberg-Weyl group Hn; eK
0 – extremal weight vector for Sp(n,R)

corresponding to the weight k = {ki} in (4.5).

Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group 19/41 Bucharest, 2010 19 / 41



The Jacobi group GJ
n

Differential action of the generators

a =
∂

∂z

a+ = z + W
∂

∂z

K− =
∂

∂W

K0 =
k
4

+
1
2
∂

∂z
⊗ z +

∂

∂W
W

K+ =
W ′

4
+

1
2

z ⊗ z +
1
2

(W
∂

∂z
⊗ z + z ⊗ ∂

∂z
W ) + W

∂

∂W
W .

(A⊗ B)kl = akbl , A = (ak ), B = (bl), k = diag(k1, . . . , kn),
w ′kl = (kk + kl)wkl , k , l = 1, . . . ,n, wkl = wlk ,

∂
∂wkl

= ∂
∂wlk

.
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The Jacobi group GJ
n

Scalar product on DJ
n

(φ, ψ) = Λn

∫
z∈Cn;1−WW̄>0

f̄φ(z,W )fψ(z,W )QK−1dzdW (4.7)

K = (ez,W ,ez,W ) - the reproducing kernel, Q - density of the volume
form,

K = det(M)
k
2 exp

1
2

[2 < z,Mz >+ < Wz̄,Mz > + < z,MWz̄ >]

Q = det(1−WW̄ )−(n+2), M = (1−WW̄ )−1

dz =
n∏

i=1

<zi=zi ; dW =
∏

1≤i≤j≤n

<wij=wij .

Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group 21/41 Bucharest, 2010 21 / 41



The Jacobi group GJ
n

Berezin’s quantization

Λn =
k − 3

2π
n(n+3)

2

n−1∏
i=1

(k−3
2 − n + i)Γ(k + i − 2)

Γ[k + 2(i − n − 1)]
.

Compare with the case of the symplectic group: a shift of p to p − 1/2
in the normalization constant Λn = π−nJ−1(p).
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The Jacobi group GJ
n

Kähler two-form on DJ
n

−iωn =
k
2

Tr(C∧C̄)+Tr(AtM̄∧Ā), (4.8)

A=dz+dWx̄ ,

C =MdW , M =(1−WW̄ )−1

x = (1−WW̄ )−1(z + Wz̄),W ∈ Dn, z ∈ Cn,
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The Jacobi group GJ
n (R)

The Siegel-Jacobi manifold XJ
n = Hn × R2n

Hn – Siegel upper half plane

Hn := {Z ∈ M(n,C)|Z = U + iV ,U,V ∈ M(n,R), (V ) > 0,

U t = U; V t = V}

Let g = (M, l) ∈ GJ
n(R)0, i.e.

M =

(
A B
C D

)
∈ Sp(n,R), l = (l1, l2) ∈ R2n, (5.1)

and v ∈ Hn, z ∈ Cn ≡ R2n.
The action of the group GJ

n(R)0 on XJ
n: (M, l)× (v , z)→ (v1, z1),

v1 = (Av + B)(Cv + D)−1; (5.2a)
z1 = (z + vl t1 + l t2)(Cv + D)−1. (5.2b)
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The Jacobi group GJ
n (R)

The Kähler two-form on XJ
n

Under the partial Cayley transform

w = (v − i)(v + i)−1; z = (v + i)−12iu

of XJ
n → DJ

n, the two-form ωn on DJ
n becomes on XJ

n

− iω′n =
k
2

Tr(p ∧ p̄) +
2
i

Tr(Bt ∧ B̄) (5.3)

p = (v̄ − v)−1dv ; B = du − dv(v − v̄)−1(u − ū).

“n”-dimensional generalization of Berndt-Kähler two-form ω′1.

Remark DJ
n and XJ

n are called by Jae-Hyun Yang Siegel-Jacobi
spaces. Kähler calls XJ

1 Phasenraum der Materie, v is Pneuama, u is
Soma.
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The Jacobi group GJ
n (R)

Comparation with Yang’s results

Hn,m = Hn × C(m,n)- the Siegel-Jacobi space. Sp(n,R) acts on Hn
transitively by (5.2a). Sp(n,R)/U(n) ∼= Hn - Hermitean symmetric
space, Sigel upper half plane.

H(n,m)
R =

{
(λ, µ, κ)|λ, µ ∈ R(m.n), κ ∈ R(m,n)

}
– (generalized) Heisenberg group.

GJ = Sp(n,R) n H(n,m)
R

– Jacobi group with the multiplication law

(M0, (λ0, µ0, κ0))·(M, (λ, µ, κ)) = (M0M, (λ̃0+λ, µ̃0+µ, κ0+κ+λ̃0µ
t−µ̃0λ

t )),

(λ̃0, µ̃0) = (λ0, µ0)M. GJ acts on the Siegel-Jacobi space Hn,m
transitively by

(M, (λ, µ, κ))(Ω,Z ) = (M ◦ Ω, (Z + λΩ + µ)(CΩ + D)−1)

GJ/K J ∼= Hn,m is a non-reductive complex manifold, where
K J = U(n)× Sym(n,R).
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The Jacobi group GJ
n (R)

Comparation with Yang’s results

Identifications: (v ,u) in our partial Cayley transform (5.2) with Yang’s
partial Cayley transform (11) in Yang

Ω = i(I + W )(I −W )−1; Z = 2iη(I −W )−1, (5.4)

(v ,u)↔ (Ω,
Z t

2i
). (5.5)

Remark
The case m = 1 in Theorem 1 in Yang is our (5.3), while our relation
(4.8) is theorem 5 in Yang; Our factor Q1

Q1 = 2−n(n+3)[det(2i(v̄ − v))]−(n+2) = 2−n(n+1)[det(Im v)]−(n+2) (5.6)

corresponds to Yang’s result expressed in Lemma A in the same
situation m = 1.
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The Jacobi group GJ
n (R)

Comparation with Yang’s result on Jacobi-Sigel
half plane

Yang’s notation Ω = X + iY ; Z = U + iV . Our (5.3) expressed in Yang’s
notation

−iw ′n =
k
8

Tr(Y−1dΩ ∧ Y−1dΩ̄)

+
1
8

Tr[(dZ − VY−1dΩ)Y−1 ∧ (dZ̄ t − dΩ̄Y−1V t )]

−iw ′n =
k
8

Tr(Y−1 dΩ ∧ Y−1 dΩ̄)

+
1
8

Tr(dZY−1 ∧ dZ̄ t ) +
1
8

Tr(VY−1dΩY−1 ∧ Ω̄y−1V t )

−1
8

Tr(dZY−1 ∧ Ω̄Y−1V t )− 1
8

Tr(VY−1dΩY−1 ∧ dZ̄ t )
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The Jacobi group GJ
n (R)

Yang’s Kähler two-form on Jacobi-Siegel disc

1
4

ds̃2
n,m;A,B =

A tr
(
(In −WW )−1dW (In −WW )−1dW

)
+ B

{
tr
(
(In −WW )−1 t (dη) dη

)
+ tr

(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t (dη)
)

+ tr
(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t (dη)
)

− tr
(
(In −WW )−1 tη η (In −WW )−1

WdW (In −WW )−1dW
)

− tr
(
W (In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)
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The Jacobi group GJ
n (R)

Yang’s- result- continuation

+ tr
(
(In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1 tη ηW (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1(In −W )(In −WW )−1

tη η (In −WW )−1 (In −W )(In −W )−1

dW (In −WW )−1dW
)}
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The Jacobi group GJ
n (R)

The Schrödinger-Weil representation

Squzeed states: e0 ≡ eH
0 . Realization of the squeezed states-

K+
ij =

1
2

a+
i a+

j , K−ij =
1
2

aiaj , K0
ij =

1
4

(a+
i aj + aja+

i ), i , j = 1, . . . ,n (6.1)

coresponding to the eigenvalues ki = k = 2 in (4.5). The fundamental
principle in representation theory of the Jacobi group GJ : any
representation π of the Jacobi GJ is obtained in a unique way as
π = πm

SW ⊗ π̃; the Schrödinger-Weil representation πm
SW is a certain

projective representation of GJ of index m and π̃ is a representation of
the metaplectic group Mp(n,R), considered as a projective
representation of Sp(n,R).
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The Jacobi group GJ
n (R)

GJ - group of Harish-Chandra type- Satake

π̂(gJ
C) = p+ + k + p−, p− = p

†
+, p+ – raising operators a+

i ,K
+
ij , k is

generated by I, K0
ij . If X1, · · · ,Xn ∈ U(p+), we introduce a

holomporphic family of elements Ez = exp(z1X1 + · · ·+ znXn), Ω is an
open subset of Cn. Φz = EzΦ0, Φ0 is an cyclic vector in the domain D

and p−Φ0 = 0, kΦ0 = 〈Φ0〉C.
T : H→ Hhol(Ω) T (φ)(z) = 〈Φz̄ , φ〉, φ ∈ H, z ∈ Ω.
We take H = H0 = L2(Rn), D = S(Rn). CS-vectors (4.3) in biboson
operators Φα,W = exp(

∑
αia+

i + 1
2
∑

wija+
i a+

j )eH
0 . The vector numbers

form a complete orthonormal base of analytic vectors of the Hilbert
space H0, with vacuum vector φ0.
T0 : H0 → DJ , T0(φ)(α,W ) = 〈Φᾱ,W̄ , φ〉, Φ ∈ H0, Φ0 = φ0.
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Orhonormality

Notation

H(DJ
n) - holomorphic functions on DJ

n,

T [s] =
n∏

i=1

tsi
i , [s!] =

n∏
i=1

si !, |s| =
n∑

i=1

si , δsr =
n∏

i=1

δsi ri ,

T t = (t1, ..., tn) ∈ Cn. [s] = (s1, ..., sn), [s], [r ] ∈ Sn = Nn .

GT (Z ,W ) = exp(T tZ +
1
2

T tWT ) =
∑
s∈Sn

T [s]

[s!]
P[s](Z ,W ), (7.1)

P[s](Z ,W ) =
∑

q, s−q∈Sn

[s!]

[(s − q)!][q!]
Z [s−q]S[q](W ), (7.2)

exp(
1
2

T tWT ) =
∑
r∈Nn

T [r ]

[r !]
S[r ](W ), S[r ] = 0 for odd (7.3)

Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group 33/41 Bucharest, 2010 33 / 41



Orhonormality

Scalar product (, ) on H(DJ
n) of the form (4.7)

(f ,g) = Λ

∫
DJ

n

f̄ (Z ,W )g(Z ,W )ρ(W , W̄ ) exp[−A(Z ,W )]d2nZdn(n+1)W ,

A(Z ,W ) = Z +MZ +
1
2

Z tW̄MZ +
1
2

Z +MWZ̄ , M = (1−WW̄ )−1, W ∈ Dn.
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Orhonormality

(P[r ],P[s]) = δsr [s!]λ, s, r ∈ Sn, λ = πn
∫
Jn

ρ(W , W̄ )(1−WW̄ )1/2 dn(n+1)W .

λ = 1 for ρ(W ) = det(1−WW̄ )k/2−n−2.
The family of polynomials {P[s]}s∈Sn is orthogonal.

f[s] = (λ[s!])−1/2P[s]. (7.4)
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Orhonormality

Proposition
a) The family of polynomials {f[s]}s∈Sn form a complete orthonormal
basis of analytic vectors for the Hilbert space T0(H0). The generating
function of {f[s]}s∈Sn can be written as

exp(T tZ +
1
2

T tWT ) =
√
λ
∑
s∈Sn

T [s]√
[s!]

f[s](Z ,W ) . (7.5)
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Orhonormality

Propositon- continuation

b) f ∈ H(DJ
n) is a solution of the system of differential equations (“heat

equation”) (
∂2

∂zj∂zk
− 2

∂

∂wjk

)
f = 0, 1 ≤ j ≤ k ≤ n, (7.6)

if and only if f ∈ H0(DJ
n) .

c)Let πo = T0π
m
SW T−1

0 , as in §6. The base of differential operators can
be expressed as in (4.6) with k = 2.
d) The reproducing kernel on H0(DJ

n) admits the expansion:

det(1−WW̄ )−1/2 exp A(Z ,W ) =
∑
s∈Sn

f[s](Z̄ , W̄ )f[s](Z ,W ). (7.7)
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Orhonormality

Proposition
Let Q[a] be the polynomials

det(1−WW̄ )(1−k)/2 =
∑
a∈An

Q[a](W̄ )Q[a](W ).

Then f[s](Z ,W )Q[a](W ) is an orthogonal base for the reproducing
kernel K which admits the series expansion

K (Z ,W ) = det(1−WW̄ )−k/2 exp A(Z ,W ) =

=
∑

s∈Sn,[a]∈An

f[s](Z̄ , W̄ )Q[a](W̄ )f[s](Z ,W )Q[a](W )
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Applications: dynamics

Equations of motion determined by linear
Hamiltonians

H = εiai + εia+
i + ε0ij K

0
ij + ε−ij K−ij + ε+

ij K +
ij

Classical evolution (in the meaning of Berezin) associated to the
(linear) Jacobi oscillators: a Matrix Riccati equation.

iż = ε+ W ε+ ε+zW +
1
2

zε0,

iẆ = W ε+W + W ε0 + ε−.
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