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Introduction

o For mathematicians: Jacobi group— GJ = H,, x Sp(n, R)
(2n+1)(n+ 1)- dim. Generalized Jacobi groups (Takase, Yang, Lee...)

Gy - group of Harish-Chandra type (Satake), and Coherent State type
group (Moskovici & Verona, Lisiecki, Neeb,...)

¢ In Physics: Schrodinger (Hagen, or conformal Galilean...) group.

1972, U. Niederer: the maximal kinematical invariance group of the
free Schrédinger equation— 12-parameter group

Barut & Raczka; Dobrev & all: Schrédinger group in
(n+ 1)-space-time dimensions

In the case n= 1 with t € C,(t) > 0, x € C, corresponds to Gy (R) of
Eichler & Zagier, Kahler, Berndt.
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Introduction

« Denomination Jacobi group G was introduced by Eichler and
Zagier, Theory of Jacobi forms (1985), inspired by Pyatetskii-Shapiro,
who referred to Fourier-Jacobi expansion, and to some coefficients as
Jacobi forms

e The denomination Jacobi group was adopted also in the monograph
Berndt & Schmidt Elements of the Representation Theory of the
Jacobi group (1998).

e Kirillov: st(n,R) — 1974; tsp(2n + 2, R) — 2004

o K. B. Wolf: Weyl-symplectic group-1975; Integral transforms in
science and engineering, Plenum (1979); Geometric Optics on Phase
Space, Springer (2004)

e R. Berndt (1984), E. Kahler (1983); Poincaré group or The New
Poincaré group investigated by Erich Kahler as the 10-dimensional
group GK (a double cover of the de Sitter group SOg(4, 1)) which
invariates the metric ds® = t=2(dx? + dy? + dz? + dt?). Quaternionic
2 x 2 matrices.
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Jacobi & Physics

The Jacobi group is an important object in connection with Quantum
Mechanics, Geometric Quantization, Optics.

Jacobi group describes squeezed states in Quantum Optics (see
Stoler).

Applications of squeezed states: detection of gravitational waves,
quantum communications, entanglement, quantum cryptography,
teleportation, ....

For the harmonic oscillator: Ax = Ap = 1/+/2 (in units of 4). “The
squeezed states”: Ax < 1/4/2. The squeezed states are a particular
class of minimum uncertainty states — states which saturates the
Heisenberg uncertainty relation = CS states bazed on the Siegel upper
half plane .
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Introduction

Appendix- general definitions

Coherent state (a la Perelomov): (G, 7, H) G = Lie group, = = unitary
irreducible representation of G on the complex separable Hibert space
H. A common realization of coherent states as space of holomorphic
functions defined on the homogeneous manifold M = G/H, square
integrable with respect to a scalar product determined by the
reproducing kernel K. Usually M is a Kahler manifold.

X =dr(X),Xeg
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The Jacobi group G;J
The Jacobi algebra g

The (6-dim) Jacobi algebra
af := by xsu(1,1), (2.1)

by is an ideal in gf

[a,a] =1, [Ko, Ki] = £K- , [K_, K] = 2K,
[a,K.]=4a, {K,, aT] = a,

2 [Ko, aq —a', 2[Ky,a = —a.
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The Jacobi group G;J

Perelomov’s CS vectors

aeg =0, K_ey=0, Kgeg = keg; k > 0,2k =2,3, ....

For SU(1,1), D, the positive discrete series representations

(Bargmann).
To G/ we associate Perelomov’s CS vectors

Ezw = eza”WK*eo, z,weC, |w|<1. (2.3)

on (4-dim) manifold

M := H; /R x SU(1,1)/U(1) = C x Dy(:= DY)

Bucharest, 2010 9/4
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The Jacobi group G‘1’

The displacement operator

D(a) := exp(ad’ — aa) (2.4)
S — the unitary squeezed operator — the DX representation of the
group SU(1,1), S(z) = S(w), z, w e C, |w| < 1:
S(z) = exp(zK. —zK_), w= é'tanh(\zn;
S(w) = exp(wK.)exp(nKo)exp(—wK_);
The normalized (squeezed) CS vector
(2.6)

Vo w = D(a)S(w)ep.
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The Jacobi group G‘(
The base of functions & Reproducing Kernel

Proposition

F(n+2k) ,Pn(z,w)

f|”>?ek',k'+m(z’ )= n'T(2k) " V!
ZN—2k J
Z W)-n'Z m,z W€D1. (27)

_ 27'z + 22w + 2w
2K exp _
2(1 — ww')

K(Z7 w; 2/, V_V/) = (ez.,—.,, ezl,ﬁ,/) = (1 — WW')

Vow=(1- WW)k exp(—%z)ez,w, Z=oa— Wwa. (2.8)

v
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The Jacobi group qu

The composition law & the action

G{ .= HW % SU(1,1)

(91,1, 1t1) 0 (Ge, a2, B2) = (g1 092792_1 ~aqtag, b+ 1‘2-i-$(92_1 -a1a2)),

_(ab 2_|p2
o= (3 3).la-10F =1

h:=(g,a) € G}l, m(h) :== S(g)D(«), g € SU(1,1),a € C,

a—dw—i—z_
bw + a

b
- %,(z, w) € DY = Cx Dy. (2.9)

Z4 = Wi=g w

v
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The Jacobi group qu

Scalar product ; Kahler two-form

(p,) = /\1/ZGC|W|<1?¢(Z,W)f¢(Z,W)(1—WW)2kX

oxp |Z|? o _ZPw+ZPw w4
P=1—ww 2P 2—wm) °"
dvy = Wd?ﬁzd\sz the Gy-invariant measure
4k — 3
M=o
, 2k _ ANA _
—lwq = de/\dW—F 1w’ A—dz—i-OéodW,
_Z+zw
O ww
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The real Jacobi group G;’(]P‘;)

Action

Rolf Berndt — the real Jacobi group G’(R). Kahler and Berndt — Jacobi
group GJ(R) := SLp(R) x R? acting on the manifold Xy := 3y x C. H;
— upper half plane 31 := {v € C|3(v) > 0}.

The action of G3(R) on Xy is given by (g, (v, 2)) — (v1,21), g = (M, 1),
where

_ av-+b w; M = ( 2 Z) GSLZ(R)a(lhlz) GRZ'

Vi = — '~ 7 —
"“owtra cv+d

v
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Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group



The real Jacobi group G;’(]F‘;)

Partial Cayley transform & Kahler 2-form of Kahler

The action C~' GE)I (R)C, descends on the basis as the biholomorphic
map: C: XY .= 34y x C — DY := Dy x C:
vV—i 2iu

—z=——weDy, veHy,zeC. (3.1)
V+1 v+

When expressed in the coordinates (v, u) € Xy which are related to
the coordinates (w, z) € D;’ by the map (3.1), our Kahler two-form w1

2k ANA z
de/\dV_V‘f‘ ﬁ, A:dZ+O_ZOdW, ao = Z+ZW

is identical with the one considered by Kéhler-Bernat.

—lwy =

N

Stefan, Cezar/Dan (IFIN-HH, Bucharest) The Jacobi group Bucharest, 2010 15/41



The Jacobi group Gi
Jacobi algebra

g2 = hp x sp(n, R)

[aia a;r] = 5/]1 [aivaj] = [a;ra a]Jr] =0.

[ak,K+ = lak,K;1=0, 2[a. K] = dwa +;ay,

2[K),af] = oxal, 2lan, Kj] = diay, 2[Ky,a] = dka+ djax.
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The Jacobi group Gi
Composition law

Gi = Hy Sp(nR).0 = (

>

> € Sp(n,R)c,

(ag, l'g) o (a1, t1) = (az +aq,b+t + |m(042071)).

(g1, a1, t1)o(ga, a2, i) = (g10Ge, G5 ' -t +ag, b+l +Im(gy - ardz)).

g-a:Aa+Ba
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The Jacobi group Gi

The action of Jacobi group on Siegel-Jacobi disc

M = DY = Hp/R x Sp(n,R)/U(n) = C" x Dy, (M — 223)_dimensional

manifold) ~
Dp:={ZeMn,C)Z=2"1-2Z >0}

The action of the group GJ on DY: (g,a) x (W, 2) — (Wy,z):

Wiy = (AW +B)(BW +A)™; (4.2a)
z1 = (WB*+A) Y(z+a— Wa). (4.2b)

Bucharest, 2010 18/41
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The Jacobi group GJ,,
Coherent states

e;w = exp(X)ep, X == Zz,a +Zw,, ez (), (4.3)

aie,=0,i=1,--- n (4.4)

k; -
Kieo # 0, Kjeo = 0, Kjey = Z’aﬁeo, iij=1,...,n (4.5)

e = e} @ ef: el —the m|n|mum weight vector (vaccum) for the
Heisenberg-Weyl group Hj; eo — extremal weight vector for Sp(n, R)
corresponding to the weight k = {k;} in (4.5).
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The Jacobi group Gi

Differential action of the generators

a - 9
0z
0
+ p— PR
a = Z+W82
_ 0
K= ow
k 10 0
O = — - [
K™ = 4+28z®z+8WW
+ = - [
K™ = 4+22®z+ (W ®z+z®(9 W)+W8WW
(A®B)k/—akb/’ = (ax), B=(by), k = diag(ki, ..., kn),
wy, = (ke + k)wig, k,1=1,....n, Wk’:W’k’%m:avav,k-
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The Jacobi group Gi
Scalar product on DY

(6,9) = /\n/ ?qs(z, W)fy(z, W)QquZdW (4.7)
zeCM1—WW>0

K = (e, w, ez, w)- the reproducing kernel, Q - density of the volume
form,

K = det(M)gexp%[2 <zMz >+ < Wz, Mz > + < z, MWz >]
Q =det(1 — WW)= ("2 M =1 - Www)™'

n
dZZH?RZ,’%Z,‘; dWw = H %WUSW,/

i=1 1<i<j<n
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The Jacobi group Gi

Berezin’s quantization

(R 4 i(k+i—2)
7r""2+3 11 Mk+23(—n—1)]

Compare with the case of the symplectic group: a shiftofptop —1/2
in the normalization constant A, = 7="J~"(p).
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The Jacobi group Gi

Kahler two-form on DY

—iwn:gTr(C/\C)+Tr(AtI\_ﬂ/\Z\), (4.8)
A=dz+dWx,
C=MdW, M=(1—-WW)~!

x=(1-WW) Y z+W2z),We D, zeC"
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The Jacobi group G‘n’(]P‘_‘)

The Siegel-Jacobi manifold X7 = 3, x R2"

H, — Siegel upper half plane
Hp:={Z € M(n,C)|Z=U~+iV, U,V € M(n,R),(V) > 0,
U =u,vt=v}
Let g = (M, 1) € GL(R)o, i.e.

A B
M = < C D > € Sp(an)7 [ = (/17/2) € Rzna (51)

and v € K, ze C" =R,
The action of the group GJ(R)o on X¥: (M, 1) x (v, 2) — (v1,2),

vi = (Av+B)(Cv+ D)™, (5.2a)
zy = (z+ vl +B)(Cv+D). (5.2b)
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The Jacobi group Gi(]P‘;)

The Kahler two-form on X

Under the partial Cayley transform
w=Wv-i)v+i " z=(v+i2iu

of X — DY the two-form w, on DY becomes on X3

— i, = gTr(p AD) + %Tr(B’ A B) (5.3)

p=(v—v)'dv; B=du—dv(v—v)"(u-0).

“n”-dimensional generalization of Berndt-K&hler two-form .

Remark DY and X¢ are called by Jae-Hyun Yang Siegel-Jacobi
spaces. Kahler calls Xy Phasenraum der Materie, v is Pneuama, u is
Soma.
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The Jacobi group Gi(]P‘;)
Comparation with Yang’s results

Hnm = Hp x CMM- the Siegel-Jacobi space. Sp(n, R) acts on 3,
transitively by (5.2a). Sp(n,R)/U(n) = 3, - Hermitean symmetric
space, Sigel upper half plane.

Hﬂ(%n’m) = {()\,,u, &)\ p e RUMN e R(m’”)}
— (generalized) Heisenberg group.
G’ = Sp(n,R) x H{™™
— Jacobi group with the multiplication law

(M0> ()‘0’ Ko, RO))'(Ma ()‘7 K, ’i)) = (M0M7 (5‘0_‘_)‘? fo+i, HO+K+X0Mt_ﬁ0At))

(f\o, fio) = (Mo, o)M. G’ acts on the Siegel-Jacobi space Hp m
transitively by

(M, (A 11, 6))(2,2) = (Mo Q,(Z+ X2+ p)(CQ+ D)1

G’/KY = K, is a non-reductive complex manifold, where
K<Y = U(n) x Sym(n,R).
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The Jacobi group Gi(]P‘;)
Comparation with Yang’s results

Identifications: (v, u) in our partial Cayley transform (5.2) with Yang’s
partial Cayley transform (11) in Yang

Q=i(l+ W) - W) Z=2ip(l— W), (5.4)

t
(v,u) < (Q,;). (5.5)

The case m = 1 in Theorem 1 in Yang is our (5.3), while our relation
(4.8) is theorem 5 in Yang; Our factor Q4

Q; = 27" 3)[det(2i(v — v))]~("2) = 2= [det(Im v)]~("+2) (5.6)

corresponds to Yang's result expressed in Lemma A in the same
Situation m = 1.
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The Jacobi group G‘n’(]P‘_‘)

Comparation with Yang’s result on Jacobi-Sigel

half plane

Yang’s notation Q = X +iY;Z = U +iV. Our (5.3) expressed in Yang’s
notation
—iw, = gTr( Y=1dQ A Y~ 1dQ)

+ %Tr[(dZ— VY=1dQ) Y1 A (dZ! — dQY TV

—iw, = gTr( Y=1dQ A Y 1dQ)
- ;Tr(dZY1 AdZ) + ;Tr( vy-tday-1 AQy-1VY)
—%Tr(dZY_1 AQYTTVY — %Tr( vy=1dQy-1 A dZt)
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The Jacobi group G‘n’(]P‘_‘)

Yang’s Kahler two-form on Jacobi-Siegel disc

%dég,m;A,B =
Atr((l — WW) " aW(l, — WW)~'dW)
B{tr((l,, — WW)~" {(dn) dr)
tr((nW —7)(Ih — WW) " dW
(I — WwW)~ " (dn))
+ (@AW =)l — WW) ' dW
(lh— WW)~"{(dn))
— tr((lh— WW) iy (I — WW) ™!
Waw(l, — WW)~'dW)
— (Wl — WW) 57 (I, — WW)™!
dW(l, — WW)~1dW)

Bucharest, 2010
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The Jacobi group G‘n’(]P‘_‘)

Yang’s- result- continuation

+ tw((lh— WW) 7l — WW) ™!
dW(l, — WW)~'dW)

+ tr((lh— W) " W (I, — WW)™
dW(l, — WW)~1dW)

+ (= W)l = W) (I, — WW)™!
T (= WW) ™" (I = W) (I — W)~
dW(l, — Ww)~" dw)}
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The Jacobi group Gi(]P‘;)

The Schrodinger-Weil representation

Squzeed states: ¢y = eg’ . Realization of the squeezed states-

KH = 1&1*3#r K = L

1 .
i~ 2% 5 —(ataj+aa), i,j=1,...,n (6.1)

a,-aj, KE} = 4(

coresponding to the eigenvalues k; = k = 2 in (4.5). The fundamental
principle in representation theory of the Jacobi group G”: any
representation 7 of the Jacobi G’ is obtained in a unique way as

T = gy ® 7; the Schrédinger-Weil representation 7, is a certain
projective representation of G’ of index m and # is a representation of
the metaplectic group Mp(n, R), considered as a projective
representation of Sp(n, R).
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The Jacobi group Gi(]P‘;)

G’ - group of Harish-Chandra type- Satake

#(gd) = p4 + e+ p_, p_ = pl, p; —raising operators &7, Kj tis
generated by /, Kf!’ If X1,---, Xn € U(py), we introduce a
holomporphic family of elements E; = exp(z1 X1 + - - - + 2, Xp), Q is an
open subset of C". ¢, = E;®q, $q is an cyclic vector in the domain D
and p_®y =0, tdg = (Pg)c.

T3 — Hnol(Q2) T(9)(2) = (Pz,9),0 € H,Z€ Q.

We take H = F(o = L2(R"), D = $(R"). CS-vectors (4.3) in biboson
operators &, = exp(}_ oja + 5 > wya’a’)el!. The vector numbers
form a complete orthonormal base of analytic vectors of the Hilbert
space Hy, with vacuum vector ¢q.

To : Ho — DY, To(d)(a, W) = (¥4 i, 6), ® € Ho, Yo = o
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Orhonormality
Notation

(DY) - holomorphic functions on DY,

n n
T[S]:Ht,'3i7 [s!]:Hs,-!, |s| = ZSI, Osr = H‘Sslrn
i=1 =1

Tt =(t,...,t)) € C". [s] = (S1,...,8n), [8], [r] € Sp = N".

Gr(Z, W)—exp(T’Z+ T'WT) =) 5] ,] Pg(Z, W), (7.1)

seSy

Pg(Z W)= ) [([S!]zls—ql Sig(W), (7.2)

q,5—Q9€Sh S— q)!][q!]

exp(5 T’WT Z @ |] Siy(W), Sy = 0 for odd (7.3)

reNn?
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Orhonormality

Scalar product (, ) on H (D) of the form (4.7)
(f.g) = ’\/ f(Z, W)g(Z, W)p(W, W) exp[-A(Z, W)]|d>"Zd" ("D W,
Dy

AZ, W) = Z+MZ+%Zt I/_VMZ+%Z+MWZ M={1-WW)', WeD,
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Orhonormality

(P, Pisj) = dse[S!A, 8,7 € Sy, A= w”/p( W, WY(1—WW)'/2d" 1w
dn

A =1 for p(W) = det(1 — WW)k/2=n-2,
The family of polynomials { P} scs, is orthogonal.

fig = (\[s!]) 2Py (7.4)
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Orhonormality

a) The family of polynomials {fis }scs, form a complete orthonormal
basis of analytic vectors for the Hilbert space To(Ho). The generating
function of {fig }scs, can be written as

1
t t
exp(T'Z + 5 T'WT) = A;es: f[s] (Z,W). (7.5)

v
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Orhonormality

Propositon- continuation

b) f € 3((Dy) is a solution of the system of differential equations (“heat
equation”)

® 59 \¢_o 1<j<k<n (7.6)
920z owy ) S/sRsh, :

if and only if f € Ho(DY) .

c)Letmo = TonZ, Ty ', as in §6. The base of differential operators can
be expressed as in (4.6) with k = 2.

d) The reproducing kernel on 3o(D)) admits the expansion:

det(1 — WW) "2exp A(Z, W) = ) _ fig(Z, W)fig(Z,W).  (7.7)

seESy
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Orhonormality

Let Qi be the polynomials
det(1 — WW)(1-K)/2 — Z Qg (W Q[a] w).
acAn

Then fi5(Z, W)Q4(W) is an orthogonal base for the reproducing
kernel K which admits the series expansion
K(Z,W) = det(1— WW) *2exp A(Z W) =
= Y fg(Z W)Qg(W)fig(Z, W)Qq(W)

SeSh,[al€eAn
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Applications: dynamics

Equations of motion determined by linear

Hamiltonians

e AT L OKO | mK— 1 K

Classical evolution (in the meaning of Berezin) associated to the
(linear) Jacobi oscillators: a Matrix Riccati equation.

. 1
iz = e+ Wet+etzW+ 5260,

iW = WetW+ W+ 6.
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Applications: dynamics
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Applications: dynamics
Our papers
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