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Introduction

• For mathematicians: Jacobi group– GJ
n = Hn o Sp(n,R)

(2n + 1)(n + 1)- dim. GJ
n - group of Harish-Chandra type (Satake)

Generalized Jacobi groups (Takase, Yang, Lee...)

• In Physics: Schrödinger (Hagen, or conformal Galilean...) group.
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Introduction

• Denomination Jacobi group GJ
n introduced by Eichler and Zagier,

Theory of Jacobi forms (1985), inspired by Pyatetskii-Shapiro
• The denomination Jacobi group was adopted also in the monograph
Berndt & Schmidt Elements of the Representation Theory of the
Jacobi group (1998).
• Kirillov; K. B. Wolf: Weyl-symplectic group-1975;
• R. Berndt (1984), E. Kähler (1983); Poincaré group or The New
Poincaré group investigated by Erich Kähler
• Jacobi & Physics The Jacobi group is an important object in
connection with Quantum Mechanics, Geometric Quantization, Optics-
squeezed states .
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Canonical automorphy factor & kernel function

The Jacobi group GJ (cf Berndt, Takase, Lee)

Sp(n,R): σ ∈ M2n(R), tσJnσ = Jn,

σ =

(
a b
c d

)
, Jn =

(
0 In
−In 0

)
, (2.1)

The Siegel upper half space Hn: Ω ∈ Mn(C), Ω =t Ω, Im Ω > 0.
Sp(n,R) acts transitively on Hn, σΩ = (aΩ + b)(cΩ + d)−1.

Stefan, Cezar (IFIN-HH, Bucharest) The Jacobi group 5/42 Leiden, 2010 5 / 42



Canonical automorphy factor & kernel function

Siegel-Jacobi domain

Gs - a Zariski connected ss real algebraic group of Hermitian type.
K s - a maximal compact subgroup of G.
D =Gs/K s - the associated Hermitian symmetric domain.
Suppose ∃ homomorphism ρ : Gs → Sp(n,R) & holomorphic map
τ : D→ Hn, τ(gz) = ρ(g)τ(z), g ∈ Gs, z ∈ D.
Jacobi group GJ = Gs n H[V ], V - symplectic R-space, D : -
nondegenerate alternating bilinear form V × V → A, A - center of
H[V ], GJ ≈ Gs × V ×A:

gg′ = (σσ′, ρ(σ)v ′+v ,κ+κ′+
1
2

D(v , ρ(σ)v ′), g = (σ, v ,κ) ∈ GJ (2.2)

Siegel-Jacobi domain associated to the Jacobi group GJ :

DJ = D×CN∼=GJ/(K s ×A),dim V = 2N.
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Canonical automorphy factor & kernel function

Jacobi group GJ & Siegel-Jacobi domain

GJ ≈ Gs × V ×A

H[V ] Gs Sp(n,R)

CN ↪→ DJ = D×CN ←↩ D = Gs/K s Hn = Sp(n,R)/U(n)

pr1 pr2

pr

pr

τ

ρ
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Canonical automorphy factor & kernel function

Group of Harish-Chandra type

w0 ∈ D, Iτ(w0) - the complex structure on V corresponding to
τ(w0) ∈ Hn.
VC = V+ ⊕ V− - complexification of V ; V± = {v ∈ VC|Iτ(w0)v = ±iv}.
w ∈ D, v ∈ VC → vw = v+ − τ(w)v− ∈ V+, (v = v+ + v−, v± ∈ V±).
GJ - algebraic group of Harish-Chandra type:
G - Zariski connected R-group.
Suppose there are given a Zariski connected R-subgroup K of G, k,
connected unipotent C -subgroups P± of GC, p±.
G - of Harish-Chandra type:
(HC 1) gC = p+ + kC + p−,

[
kC, p±

]
⊂ p±, p+ = p−; (HC 2) the map

P+ × KC × P− → GC - holomorphic injection of P+ × KC × P− onto its
open image P+KCP−; (HC 3) G ⊂ P+KCP− and G ∩ KCP− = K .
Notation: g ∈ P+KCP− ⊂ GC, (g)+ ∈ P+, (g)0 ∈ KC, (g)− ∈ P− –
components of g, g = (g)+(g)0(g)−.
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Canonical automorphy factor & kernel function

Generalized Harish-Chandra embedding

H- linear algebraic group, H̊ - identity connected component (in the
usual topology).
Generalized Harish-Chandra embedding D = G̊/K̊ ↪→ p+: gK̊ 7−→ z,
g ∈ G̊, z ∈ p+, exp z = (g)+.
(GC × p+)′ = {(g, z) ∈ GC × p+| g exp z ∈ P+KCP−};
(p+ × p+)

′
= {(z1, z2) ∈ p+ × p+|(exp z̄2)−1 exp z1 ∈ P+KCP−}.

Canonical automorphy factor J : (GC × p+)′ → KC, canonical kernel
function K : (p+ × p+)

′ → KC for G,
(g, z) ∈ (GC × p+)′, (z ′, z) ∈ (p+ × p+)

′
.

J(g, z) = (g exp z)0 , K (z ′, z) = (((exp z)−1 exp z ′)0)−1. (2.3)
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Canonical automorphy factor & kernel function

Theorem

a) GJ acts transitively on DJ , (g = (σ, v ,κ), x = (w , z)),

gx = (σw , vσw + t (cτ(w) + d)−1z), ρ(σ) =

(
a b
c d

)
. (2.4)

b) The canonical automorphy factor J for GJ

J(g, x) = (J1(σ,w),0, J2(g, x)),g = (σ, v ,κ) ∈ GJ , x = (w , z) ∈ DJ ,
(2.5)

J1 is the canonical automorphy factor for Gs,

J2(g, x) = κ +
1
2

D(v , vσw ) +
1
2

D(2v + ρ(σ)z, J1(σ,w)z). (2.6)
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Canonical automorphy factor & kernel function

Continuation

c) The canonical kernel function K for the Jacobi group GJ

K (x , x ′) = (K1(w ,w ′),0,K2(x , x ′)), x = (w , z) ∈ DJ , (2.7)

K1 - the canonical kernel function for Gs,

K2(x , x ′) = D(2z̄ ′+
1
2
τ(w ′)z,qz)+

1
2

D(z̄ ′,qτ(w)z̄ ′), q = ρ(K1(w ,w ′))−1.

(2.8)
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Canonical automorphy factor & kernel function

Jacobi group GJ
n

Heisenberg group Hn(R): (λ, µ, κ), λ, µ ∈ M1 n(R), κ ∈ R,

(λ, µ, κ) ◦ (λ′, µ′, κ′) = (λ+ λ′, µ+ µ′, κ+ κ′+ λ tµ′ − µ tλ′). (2.9)

GJ
n = Sp(n,R) n Hn(R):

(σ, (λ, µ, κ)) · (σ′, (λ′, µ′, κ′)) = (σσ′, (λσ′, µσ′, κ) ◦ (λ′, µ′, κ′)), (2.10)

The Jacobi group GJ
n acts transitively on Jacobi-Siegel space HJ

n =
Hn × Cn, g(Ω, ζ) = (Ωg , ζg),

Ωg = (aΩ + b)(cΩ + d)−1, ζg = ν(cΩ + d)−1, ν = ζ + λΩ + µ. (2.11)
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Canonical automorphy factor & kernel function

Proposition

The canonical automorphy factor J1, the canonical kernel function K1
for Sp(n,R):

J1(σ,Ω) =

( t (cΩ + d)−1 0
0 cΩ + d

)
, σ ∈ Sp(n,R), (2.12)

K1(Ω′,Ω) =

(
0 Ω− Ω′

(Ω′ − Ω)−1 0

)
, Ω,Ω′ ∈ Hn. (2.13)

The canonical automorphy factor θ = J2(g, (Ω, ζ)) for GJ
n

θ = κ+ λ tζ + ν tλ− ν(cΩ + d)−1c tν, ν = ζ + λΩ + µ. (2.14)

The canonical automorphy kernel K2 for GJ
n

K2
(
(ζ ′,Ω′), (ζ,Ω)

)
= −1

2
(ζ ′ − ζ̄)(Ω′ − Ω̄′)−1(tζ ′ −t ζ̄). (2.15)
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Canonical automorphy factor & kernel function

The Siegel disk

Dn = {W ∈ Mn(C)|W =t W , In −WW̄ > 0}.
Sp(n,R)∗ = Sp(n,C) ∩ U(n,n): ω ∈ M2n(C)

ω =

(
p q
q̄ p̄

)
, tpp̄ − t q̄q = In, tpq̄ = t q̄p, p,q ∈ Mn(C). (2.16)

Sp(n,R)∗ - transitively on Dn∼=Sp(n,R)∗/U(n), Kn∗ ∼= U(n) - maximal
compact subgroup of Sp(n,R)∗ p ∈ U(n) , q = 0.
ωW = (pW + q)(q̄W + p̄)−1.

GJ
n∗ - the Jacobi group - (ω, (α,κ)), ω ∈ Sp(n,R)∗, α ∈ Cn, κ ∈ iR,

(ω′, (α′,κ′))(ω, (α,κ)) =
(
ω′ω, (α + β,κ + κ′ + βt ᾱ− β̄tα)

)
,

β = α′p + ᾱ′q̄.
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Canonical automorphy factor & kernel function

The Siegel-Jacobi disk

The Heisenberg group Hn(R)∗ = (In, (α,κ)) ∈ GJ
n∗, α ∈ Cn, κ ∈ iR.

A∗∼=R of Hn(R)∗: (In, (0,κ)) ∈ GJ
n∗ , κ ∈ iR.

∃ an isomorphism Θ : GJ
n → GJ

n∗, Θ(g) = g∗ = (ω, (α,κ)),
g = (σ, (λ, µ, κ)),

σ =

(
a b
c d

)
, ω =

(
p+ p−
p− p+

)
, (2.17)

p± =
1
2

(a± d)± i
2

(b ∓ c), α =
1
2

(λ+ iµ), κ = −i
κ

2
. (2.18)

DJ
n = Dn × Cn∼=GJ

n∗/(U(n)× R) – the Siegel-Jacobi disk.
GJ

n∗, transitively on DJ
n, g∗(W , z) = (Wg∗ , zg∗), g∗ = (ω, (α,κ)) ∈ GJ

n∗:

Wg∗ = (pW + q)(q̄W + p̄)−1, zg∗ = (z + αW + ᾱ)(q̄W + p̄)−1. (2.19)
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Canonical automorphy factor & kernel function

Partial Cayley transform

φ : DJ
n → HJ

n :

Ω = i(In + W )(In −W )−1, ζ = 2 i z(In −W )−1, (W , z) ∈ DJ
n. (2.20)

φ - biholomorphic map, gφ = φg∗, g ∈ GJ
n , g∗ = Θ(g).

The inverse partial Cayley transform φ−1 : HJ
n → DJ

n

W = (Ω− iIn)(Ω + iIn)−1, z = ζ(Ω + iIn)−1, (W , z) =∈ DJ
n. (2.21)
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Canonical automorphy factor & kernel function

Proposition

The canonical automorphy factor J1∗, the canonical kernel function K1∗
for Sp(n,R)∗

J1∗(ω,W ) =

( t (q̄W + p̄)−1 0
0 q̄W + p̄

)
, (2.22)

K1∗(W ′,W ) =

(
In −W ′W̄ 0

0 t (In −W ′W̄ )−1

)
. (2.23)

Canonical automorphy factor θ∗ = J2(g∗, (W , z)) for GJ
n∗

(g∗ = (ω, (α,κ)) ∈ GJ
n∗)

θ∗ = κ∗+ z tα+ ν∗
tα− ν∗(q̄W + p̄)−1q̄ tν∗, ν∗ = z +αW + ᾱ. (2.24)

Can. autom. kernel for GJ
n∗ K2∗((W ′, z ′), (W , z)) = A(W ′, z ′; W , z)

A(W ′, z ′; W , z) = (z̄ +
1
2

z ′W̄ )(In−W ′W̄ )−1 tz ′+
1
2

z̄(In−W ′W̄ )−1W ′ t z̄
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Canonical automorphy factor & kernel function

Summary of notation

GJ
n GJ

n∗

Hn(R) Sp(n,R) Sp(n,R)∗ Hn(R)∗

Cn ↪→ HJ
n = Hn × Cn ←↩ Hn = Sp(n,R)/U(n) Dn ↪→ DJ

n = Dn × Cn ←↩ Cn

Θ : GJ
n → GJ

n∗

pr
iso

iso

φ
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Canonical automorphy factor & kernel function

Fock space of functions

FmW , W ∈ Dn,m > 0 - Fock space of functions Φ ∈ O(Cn),
‖Φ‖mW <∞,

(Φ,Ψ)mW = (2πm)n (det(1−WW̄ )
)−1/2 (3.1)

×
∫
Cn

Φ(z)Ψ(z) exp(−8πmA(W , z))dν(z),

dν(ζ) = π−n
n∏

i=1

dReζi d Imζi , ζ ∈ Cn (3.2)

A(W , z) = (z̄ +
1
2

zW̄ )(In −WW̄ )−1 tz +
1
2

z̄(In −WW̄ )−1W t z̄. (3.3)

Fm 0 – the usual Bargmann space.
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Canonical automorphy factor & kernel function

Gaussian functions

GU : DJ
n → C, U ∈ Cn, GU(W ,Z ) = G(U,Z ,W ),

G(U,Z ,W ) = exp(U tZ +
1
2

UW tU) =
∑
s∈Nn

Us

s!
Ps(Z ,W ), (W ,Z ) ∈ DJ

n

(3.4)

Us =
n∏

i=1

Usi
i , s! =

n∏
i=1

si !, |s| =
n∑

i=1

si , δsr =
n∏

i=1

δsi ri , (3.5)

U = (U1, ...,Un) ∈ M1n(C) ∼= Cn, s = (s1, ..., sn) ∈ Nn,
r = (r1, ..., rn) ∈ Nn.
Ps : DJ

n → C, s ∈ Nn, - the matching functions of Neretin. Here

Ps(Z ,W ) =
∑

a∈An, ã≤s

s!

2âa!(s − ã)!
Z s−ãW a, (3.6)
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Canonical automorphy factor & kernel function

Notation & Calculation

An – symmetric matrices a = (aij)1≤i, j≤n , aij ∈ N,

W a =
∏

1≤i≤j≤n

W aij
ij , a! =

∏
1≤i≤j≤n

aij , ãk =
n∑

i=1

aik , â =
n∑

i=1

aii

, ã ≤ s: ãi ≤ si for 1 ≤ i ≤ n. Using the equations∫
Cn

UsŪ r dν(U) = δsr s!, (3.7)∫
Cn

G(U,Z ′,W ′)G(Ū, Z̄ , W̄ )dν(U)=det(1−W ′W̄ )−1/2expA(W ′, z ′; W,z),

we obtain(
det(1−W ′W̄ )

)−1/2 exp A(W ′, z ′; W , z) =
∑
s∈Nn

1
s!

Ps(Z ′,W ′)Ps(Z ,W ).

ΦWs(z) =
1√
s!

Ps(2
√

2πmz,W ), s ∈ Nn,ΦWs ∈ FmW . (3.8)
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Canonical automorphy factor & kernel function

Proposition

Given W ∈ Dn, the set of polynomials {ΦWs|s ∈ Nn} forms an
orthonormal basis of the Fock space FmW . The kernel function of FmW
admits the expansion(

det(1−WW̄ )
)−1/2 exp

(
2πmA(W , z ′; W , z)

)
=
∑
s∈Nn

ΦWs(z ′)ΦWs(z).

(3.9)

Proof. Given U ∈ Cn, W ∈ Dn, define the function ΨUW : Cn → C, that
ΨUW (z) = G(U,2

√
2πmz,W ). Change of variables: Z = 2

√
2πmz ⇒

‖ΨUW ‖2mW =π−ndet(1−WW̄ )−1/2
∫
Cn

exp(B(U,Z ,W )−A(Z ,W ))dν(Z ) ,

(3.10)

B(U,Z ,W ) = U tZ + ŪZ † − 1
2

UW tU − 1
2

ŪW̄U+. (3.11)

Change of variables: Z ′ = (1−WW̄ )−1/2 (Z − Ū −WU
)
, the relation

dν(Z ) = det(1−WW̄ )dν(Z ′),&
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Canonical automorphy factor & kernel function

Proof - continuation

∫
Cn

exp(−Z ′
t
Z ′−1

2
(Z ′W̄ tZ ′+Z

′
WZ ′†))dν(Z ′)=πn(det(1−WW̄ )

)−1/2

⇒ ‖ΨUW ‖2mW = exp(UU†). Then

∑
s,r∈Nn

UsŪ r
√

s!r !
(ΦWs,ΦWr )mW =

∑
s∈Nn

1
s!

UsŪs. (3.12)

Comparing the coefficients of UsŪ r in the series of both sides of
(3.12):

(ΦWs,ΦWr )mW = δsr s!, s, r ∈ Nn. (3.13)

�
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Canonical automorphy factor & kernel function

Notation

fs(W , z) =
1√
s!

Ps(2
√

2πmz,W ), fs : DJ
n → C, s ∈ Nn. (3.14)

H0(DJ
n) – complex linear subspace of holomorphic functions

f ∈ O(DJ
n), basis {fs|s ∈ Nn}.

Fm(DJ
n) – the Hilbert space of all functions f ∈ O(DJ

n), 〈f , f 〉m <∞.
The inner product 〈., .〉m such that the set {fs|s ∈ Nn} is an
orthonormal basis.
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Canonical automorphy factor & kernel function

Proposition

a) The generating function of the basis {fs|s ∈ Nn} can be expressed
as

exp(8πmU tz +
1
2

UW tU) =
∑
s∈Nn

Us
√

s!
fs(W , z). (3.15)

The kernel function of Fm(DJ
n) admits the expansion(

det(1−W ′W̄ )
)−1/2 exp A(W ′, z ′; W , z) =

∑
s∈Nn

fs(W ′, z ′)fs(W , z).

(3.16)
b) f ∈ O(DJ

n) is a solution of the system of differential equations

∂2f
∂zj∂zk

= 8πm(1 + δjk )
∂f
∂Wjk

, 1 ≤ j ≤ k ≤ n, (3.17)

if and only if f ∈ H0(DJ
n).
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Canonical automorphy factor & kernel function

Hmk

GJ
n , δ - rational representation of GL(n,C), δ|U(n) – scalar irreducible

representation of U(n) with highest weight k , k ∈ Z, δ(A) = (det A)k .
χ = δ ⊗ χ̄m, m ∈ R, central character χm of A ∼=R:
χm(κ) = exp (2πimκ), κ ∈ A. ∀ scalar holomorphic irreducible
representation of GJ

n — index m, weight k . m > 0 and k > n + 1/2.
Hmk – the Hilbert space functions ϕ ∈ O(HJ

n), ‖ϕ‖HJ
n
<∞,

(ϕ,ψ)HJ
n

= C
∫
HJ

n

ϕ(Ω, ζ)ψ(Ω, ζ)Kmk (Ω, ζ)−1dµ(Ω, ζ), (4.1)

dµ(Ω, ζ) = (det Y )−n−2
∏

1≤i≤n

dξi dηi

∏
1≤j≤k≤n

dXjk dYjk , (4.2)

Kmk (Ω, ζ) = Kmk ((Ω, ζ), (Ω, ζ)) = exp
(

4πmηY−1 tη
)

(det Y )k , (4.3)

Kmk ((ζ ′,Ω′), (ζ,Ω))=

(
det(

i
2

Ω̄− i
2

Ω′)

)
−kexp

(
2πimK

(
(ζ ′,Ω′), (ζ,Ω)

))
,
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Canonical automorphy factor & kernel function

Theorem - Takase

πmk - unitary representation of GJ
n on Hmk , the automorphic factor Jmk(

πmk (g−1)ϕ
)

(Ω, ζ) = Jmk (g, (Ω, ζ))ϕ(Ωg , ζg), ϕ ∈ Hmk ,g ∈ GJ
n , (4.4)

Jmk (g, (ζ,Ω)) = (det(cΩ + d))−k exp(2πimθ), (4.5)

Theorem

Suppose k > n + 1/2. Then Hmk 6= {0} and πmk is an irreducible
unitary representation of GJ

n , square integrable modulo center.
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Canonical automorphy factor & kernel function

Hmk
∗

Hmk
∗ – complex pre-Hilbert space ψ ∈ O(DJ

n), ‖ψ‖DJ
n
<∞

(ψ1, ψ2)DJ
n

= C∗
∫
DJ

n

ψ1(W , z)ψ2(W , z)
(
Kmk
∗ (W , z)

)−1
d ν(W , z),

Kmk
∗ (W , z) =

(
det(In −WW̄ )

)−k exp(8πmA(W , z)), (4.6)

dν(W, z)=(det(1−WW̄ ))−n−2
n∏

i=1

d Rezi d Imzi

∏
1≤j≤k≤n

d Re Wjkd ImWjk .

Kmk
∗ (W , z) = Kmk

∗ ((W , z), (W , z)),

Kmk
∗ ((z,W ), (z ′,W ′))=

(
det(In −W ′W̄ )

)−kexp
(
8πmA(W ′, z ′; W , z)

)
.
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Canonical automorphy factor & kernel function

The map g∗ 7−→ πmk
∗ (g∗), πmk

∗ (g∗): Hmk
∗ → Hmk

∗(
πmk
∗ (g−1

∗ )ψ
)

(z,W ) = Jmk
∗ (g∗, (z,W ))ψ(zg∗ ,Wg∗), (4.7)

ψ ∈ Hmk
∗ , g∗ = (ω, (α,κ)) ∈ GJ

n∗ , (z,W ) ∈ DJ
n,

Jmk
∗ (g∗, (z,W )) = exp(2πimθ∗) (det(q̄W + p̄))−k . (4.8)
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Canonical automorphy factor & kernel function

Proposition

Suppose m > 0, k > n + 1/2, and C = 2n(n+3)C∗. Then
a) Hmk

∗ 6= {0} and πmk
∗ is an irreducible unitary representation of GJ

n∗
on the Hilbert space Hmk

∗ , square integrable modulo center.
b) ∃ the unitary isomorphism T mk

∗ : Hmk
∗ → Hmk

ϕ(Ω, ζ) = ψ (W , z) (det(In −W ))k exp(4πmz(In −W )−1 tz), (4.9)

ψ ∈ Hmk
∗ , ϕ = T mk

∗ (ψ), (W , z) ∈ DJ
n, (Ω, ζ) = φ((−W , z)) ∈ HJ

n.
The inverse isomorphism T mk : Hmk → Hmk

∗ :

ψ (W , z) = ϕ(Ω, ζ) (det(In − iΩ))k exp
(

2πmζ(In − iΩ)−1 tζ
)
, (4.10)

ψ ∈ Hmk
∗ , ψ = T mk (ϕ) , (Ω, ζ) ∈ HJ

n, (−W , z) = φ−1 ((Ω, ζ)) ∈ DJ
n.

c) The representations πmk and πmk
∗ are unitarily equivalent.
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Canonical automorphy factor & kernel function

H k

H k - Φ ∈ O(Dn), ‖Φ‖Dn
<∞,

(Ψ1,Ψ2)k =

∫
Dn

Ψ1(W )Ψ2(W )
(
det(1−WW̄ )

)k−1/2 dµDn (W ),

dµDn (W ) =
(
det(1−WW̄ )

)−n−1 ∏
1≤j≤k≤n

d Re Wjk d Im Wjk .

We have Hk 6= {0} for k > n + 1/2, cf Berezin, Takase.
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Canonical automorphy factor & kernel function

Proposition- THE LAST ONE!

{Qa|a ∈ An} – an orthonormal polynomial basis of H k . We introduce
the polynomials

Fsa(W , z) =

√
(8πm)n

C∗s!
Ps(
√

8πmz,W )Qa(W ), s ∈ Nn, a ∈ An. (4.11)

Proposition

The set of polynomials {Fsa|s ∈ Nn, a ∈ An} forms an orthonormal
basis of Hmk

∗ . The kernel function of Hmk
∗ satisfies the expansion

(det(1−W ′W̄ ))−k exp A(W ′, z ′,W , z)=
∑

s∈Nn,a∈An

Fsa(W ′, z ′)Fsa(W , z).

Stefan, Cezar (IFIN-HH, Bucharest) The Jacobi group 32/42 Leiden, 2010 32 / 42



Canonical automorphy factor & kernel function

The base of functions & Reproducing Kernel, n = 1

Proposition

f|n>;ek′,k′+m
(z,w) =

√
Γ(n + 2k)

n!Γ(2k)
wn Pn(z,w)√

n!

Pn(z,w) = n!

[ n
2 ]∑

k=0

(
w
2

)k zn−2k

k !(n − 2k)!
, z,w ∈ DJ

1. (4.12)

K (z,w ; z̄ ′, w̄ ′) = (1− ww̄ ′)−2k exp
2z̄ ′z + z2w̄ ′ + z̄ ′2w

2(1− ww̄ ′)
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Complements

Berezin’s quantization

Λn =
k − 3

2π
n(n+3)

2

n−1∏
i=1

(k−3
2 − n + i)Γ(k + i − 2)

Γ[k + 2(i − n − 1)]
.

Compare with the case of the symplectic group: a shift of p to p − 1/2
in the normalization constant Λn = π−nJ−1(p).
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Complements

Kähler two-form on DJ
n

−iωn =
k
2

Tr(C∧C̄)+Tr(AtM̄∧Ā), (5.1)

A=dz+dWx̄ ,

C =MdW , M =(1−WW̄ )−1

x = (1−WW̄ )−1(z + Wz̄),W ∈ Dn, z ∈ Cn,
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Complements

The Kähler two-form on HJ
n

Under the partial Cayley transform the two-form ωn on DJ
n becomes on

HJ
n

− iω′n =
k
2

Tr(p ∧ p̄) +
2
i

Tr(Bt ∧ B̄) (5.2)

p = (v̄ − v)−1dv ; B = du − dv(v − v̄)−1(u − ū).

“n”-dimensional generalization of Berndt-Kähler two-form ω′1.

Remark DJ
n and HJ

n are called by Jae-Hyun Yang Siegel-Jacobi
domains . Kähler calls HJ

1 Phasenraum der Materie, v is Pneuama, u
is Soma.
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Complements

Comparation with Yang’s results

(v ,u)↔ (Ω,
Z t

2i
). (5.3)

Remark
The case m = 1 in Theorem 1 in Yang is our (5.2), while our relation
(5.1) is theorem 5 in Yang; Our factor Q1

Q1 = 2−n(n+3)[det(2i(v̄ − v))]−(n+2) = 2−n(n+1)[det(Im v)]−(n+2) (5.4)

corresponds to Yang’s result expressed in Lemma A in the same
situation m = 1.
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Complements

Comparation with Yang’s result on Jacobi-Sigel
half plane

Yang’s notation Ω = X + iY ; Z = U + iV . Our (5.2) expressed in Yang’s
notation

−iw ′n =
k
8

Tr(Y−1dΩ ∧ Y−1dΩ̄)

+
1
8

Tr[(dZ − VY−1dΩ)Y−1 ∧ (dZ̄ t − dΩ̄Y−1V t )]

−iw ′n =
k
8

Tr(Y−1 dΩ ∧ Y−1 dΩ̄)

+
1
8

Tr(dZY−1 ∧ dZ̄ t ) +
1
8

Tr(VY−1dΩY−1 ∧ Ω̄y−1V t )

−1
8

Tr(dZY−1 ∧ Ω̄Y−1V t )− 1
8

Tr(VY−1dΩY−1 ∧ dZ̄ t )
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Complements

Yang’s Kähler metric on Jacobi-Siegel disc

1
4

ds̃2
n,m;A,B =

A tr
(
(In −WW )−1dW (In −WW )−1dW

)
+ B

{
tr
(
(In −WW )−1 t (dη) dη

)
+ tr

(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t (dη)
)

+ tr
(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t (dη)
)

− tr
(
(In −WW )−1 tη η (In −WW )−1

WdW (In −WW )−1dW
)

− tr
(
W (In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)
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Complements

Yang’s- result- continuation

+ tr
(
(In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1 tη ηW (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1(In −W )(In −WW )−1

tη η (In −WW )−1 (In −W )(In −W )−1

dW (In −WW )−1dW
)}
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