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Introduction

o For mathematicians: Jacobi group— GJ = H,, x Sp(n, R)
(2n+1)(n+ 1)- dim. G, - group of Harish-Chandra type (Satake)

Generalized Jacobi groups (Takase, Yang, Lee...)
¢ In Physics: Schrddinger (Hagen, or conformal Galilean...) group.
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Introduction

« Denomination Jacobi group G, introduced by Eichler and Zagier,
Theory of Jacobi forms (1985), inspired by Pyatetskii-Shapiro

e The denomination Jacobi group was adopted also in the monograph
Berndt & Schmidt Elements of the Representation Theory of the
Jacobi group (1998).

o Kirillov; K. B. Wolf: Weyl-symplectic group-1975;

e R. Berndt (1984), E. Kahler (1983); Poincaré group or The New
Poincaré group investigated by Erich Kahler

¢ Jacobi & Physics The Jacobi group is an important object in
connection with Quantum Mechanics, Geometric Quantization, Optics-
squeezed states .

Stefan, Cezar (IFIN-HH, Bucharest) The Jacobi group Leiden, 2010 4/42



Canonical automorphy factor & kernel function

The Jacobi group G’ (cf Berndt, Takase, Lee)

Sp(n,R): 0 € Map(R), todpo = Jp,

a b 0 I
=20 w=(5 0. 1)

The Siegel upper half space $,: Q € M,(C), Q = Q, ImQ > 0.
Sp(n, R) acts transitively on $,, 0Q = (aQ + b)(cQ + d)~".
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Canonical automorphy factor & kernel function

Siegel-Jacobi domain

G? - a Zariski connected ss real algebraic group of Hermitian type.
KS - a maximal compact subgroup of G.

D =G5/K? - the associated Hermitian symmetric domain.
Suppose 3 homomorphism p : G° — Sp(n,R) & holomorphic map
T:D — 9, 7(92) = p(9)7(2),9 € G%, z€ D.

Jacobi group G’ = G x H[V], V - symplectic R-space, D : -
nondegenerate alternating bilinear form V x V — A, A - center of
H[V], G/ = G° x V x A:

99’ = (00’ p(o)V'+ V7%+%’+%D(V,p(0)v'), g=(0,v, %) € G’ (22)

Siegel-Jacobi domain associated to the Jacobi group G’:

97 = DxCN2G’/(K® x A),dim V = 2N.
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Canonical automorphy factor & kernel function

Jacobi group G’ & Siegel-Jacobi domain

G'~Gx VxA
pr1 prz

H[V] pr GS Sp(n,R)

pr

(CN N @J:CDX(CN o @:GS/KSLQn:Sp(n,R)/U(n)
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Canonical automorphy factor & kernel function

Group of Harish-Chandra type

Wo € D, I (w,) - the complex structure on V corresponding to

T(Wo) € Hn.

Vc = V4 @ V_ - complexification of V; Vo = {v € V|l (w,)V = Fiv}.
weD,veVe—owvw=vy—1w)vo e Vi, (Vv=vi+vo, vy € Vq).
G’ - algebraic group of Harish-Chandra type:

G - Zariski connected R-group.

Suppose there are given a Zariski connected R-subgroup K of G, ¢,
connected unipotent C -subgroups P4 of Gg, p+.

G - of Harish-Chandra type:

(HC 1) gc = p+ +tc +p-, [tc, p1] C p+, bt = p—; (HC 2) the map
P, x Kt x P— — Gc - holomorphic injection of P, x K¢ x P_ onto its
open image P.KcP-; (HC 3) GC PLKcP-and GN KcP- = K.
Notation: g € PLKcP- C Gg, (9)+ € P+, (9)o € Kc, (9)- € P— —
components of g, g = (9)+(9)o(9)--
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Canonical automorphy factor & kernel function

Generalized Harish-Chandra embedding

H- linear algebraic group, H - identity connected component (in the
usual topology). .

Generalized Harish-Chandra embedding D = G/K < pi: gK — z,
9geG zepy, expz=(g)+.

(Ge x p+) ={(9:2) € Gc x pi| gexpz € PyKcP-};

(py x py) = {(21722) € py X pyl(exp22)"expz € PLKcP-}.
Canonical automorphy factor J : (Gc¢ x p+) — Kc, canonical kernel
function K : (p4 x p;) — Kc for G,

(9,2) € (G x p+),(Z,2) € (p4 x py).

J(g.2) = (gexp2)y. K(Z.z)=(((exp2) "expZ)o)'.  (2.3)
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Canonical automorphy factor & kernel function

a) G’ acts transitively on ®, (g = (o, v, %), x = (W, 2)),

gx = (oW, Vou + (cm(w) + d) ' 2), p(o) = < i Z ) . (2.4)

b) The canonical automorphy factor J for G’
J(g, x) = (Ji (o, w),0,d2(9, X)), g = (0,V, %) € G, x = (W, 2) € D,

(2.5)
Ji is the canonical automorphy factor for G°,

o(0.%) = 2+ 3DV, Vou) + 3DV 1 p(0)2, (0, W)2).  (26)

V.
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Canonical automorphy factor & kernel function

Continuation

¢) The canonical kernel function K for the Jacobi group G’
K(x,x') = (Ki(w, w'),0, Ka(x, X)), x = (w,2) € ®/,  (2.7)

K - the canonical kernel function for G5,

W)z, 2)+3 D(Z. gr(W)Z), G = p(K; (w, w)) .

(2.8)

Ko(x,x') = D(22’+%
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Canonical automorphy factor & kernel function
P J
Jacobi group G

Heisenberg group Hy(R): (A, p, k), A\, € My p(R), k € R,
N pye)o (N k) = N+ XN, w4+ ik + K+ 20 —pN). (2.9)
GJ = Sp(n,R) x Hp(R):
(0, (A, 8)) - (o, (N, 1, &) = (00", (Ao’ po’, 6) o (N, 4, ), (2.10)

The Jacobi group Gy acts transitively on Jacobi-Siegel space $? =
f)n X Cnl 9(97<) = (an<9)1

Qg =(aQ+b)(cQ+d)™", Gg=v(cQ+d), v=C+ A2+ p. (2.11)
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Canonical automorphy factor & kernel function

The canonical automorphy factor J;, the canonical kernel function Kj
for Sp(n,R):

cQ+d)' 0
J1(J,Q):< @ g ) CQ+d>,JESp(n,R), (2.12)
ﬁ_Q/ /
K (2, Q) = < - _OQ)_1 5 > Q.9 € 9 (2.13)

The canonical automorphy factor 6 = J(g, (2, ¢)) for GJ
0=+ A IC+rvA—v(eQ+d) el v=C+ M2+ (2.14)

The canonical automorphy kernel K, for G

Ko (¢ 90),(6,Q)) = 3 (¢ = D@ ~)(¢ D). (219)

V.
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Canonical automorphy factor & kernel function

The Siegel disk

Dp={W e M(C)|W=tW,I, - WW >0}
Sp(n,R). = Sp(n,C) NU(N, n): w € Map(C)

o= (8 9). B~ ‘a9~ ‘3= B p.acM(C). (219
Sp(n, R), - transitively on ©,2=Sp(n, R)./U(n), Kn« = U(n) - maximal
compact subgroup of Sp(n,R). p € U(n), g = 0.

wW = (pW + q)(gW +p)~".

Gy, - the Jacobi group - (w, (a, »)), w € Sp(n,R),, a € C", x € iR,

(W', (o, ) (w, (@, %)) = (W'w, (a+ B, 5+ 5 + f'a — fla))
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Canonical automorphy factor & kernel function

The Siegel-Jacobi disk

The Heisenberg group Hy(R), = (In, (o, 2)) € G, a € C", s € iR.

AR of Hp(R)s: (In, (0, %)) € G2, , » € iR.
3 an isomorphism © : GJ — G, ©(9) = g. = (w, (o, )),

g = (o, (A p, k),
Y- r) e

pe=(atd)£,(bF0), a=(Atin), x=-iy. (218)

Dp x C'=GY,/ (U( ) x R) — the Siegel-Jacobi disk.

@J
(Wg*,zg*)a g* = (OJ, (Oé,%)) S G#*

Gﬁ*, transitively on ¢, g.(W, z) =

Wy, = (bW + @) (@W +p) ", 25 = (z+aW + @) (@W +p) . (2.19)

Leiden, 2010 15/42
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Canonical automorphy factor & kernel function
Partial Cayley transform

¢: Dy — Hy:
Q=illp+ W)l — W)™ ", ¢=2iz(l,— W) (W,z) e D (2.20)

¢ - biholomorphic map, g¢ = ¢g., g € G2, g. = 9(g).
The inverse partial Cayley transform ¢~ : $J — ©9

W=(Q-ilh)(Q+ilh)™", z=¢(Q+ilh) ", (W,2) = D). (2.21)
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Canonical automorphy factor & kernel function
Proposition

The canonical automorphy factor J1., the canonical kernel function Kj.,
for Sp(n, R).

t(a 5\~
Jra(w, W) = ( (qwar p) aW°+b ) (2.22)
Knn (W', W) = ( P ) (2.23)

Canonical automorphy factor 6, = Jo(g., (W, z)) for G2,
(9 = (w, (@, %)) € G3,)

0, =k + 2o+ la— v, (@W+DP) g, v =z+aW+a. (2.24)

Can. autom. kernel for Gy, Ko.(W', 2),(W, 2)) = A(W', 2'; W, z)

AW . Z;W,z)=(z+ %z’ WH(I,— W W)~ 12 + %2(/,, ~-Ww)-'w'tz
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Canonical automorphy factor & kernel function

Summary of notation

y 0:G - G, J
Gn e Gn*
is0
Hp(R) pr Sp(n, R) ——* Sp(n, R). Hp(R).

]

cr = 9=9,xC" « H,=Sp(n,R)/U(N) Dy o DY=9,xC" « cn
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Canonical automorphy factor & kernel function

Fock space of functions

Fmw, W € ©,,m > 0 - Fock space of functions ¢ € O(C"),
1@ < oo,

—-1/2

(O, V) = (2rm)" (det(1 — WW)) (3.1)
x/ (2)¥(z) exp(—8mmA(W, 2))dv(2),
(cn
dv(()=n"" ﬁ dRe¢;dIm¢;, ¢ € C" (3.2)

i=1

AW,z)=(z+ %zW)(ln —Ww) 'tz 4 %z(/n —-Ww)'w'z. (3.3)

Fmo — the usual Bargmann space.
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Canonical automorphy factor & kernel function

Gaussian functions

Gy: D)~ C,UeC", Gy(W,Z)=GU,Z,W),

1 S
G(U,Z, W) =exp(U'Z + éUWfU) =) i,Ps(z, W), (W, 2) e D)
seN” s
(3.4)
n n n n
Us = H U,'Si7 s = Hsi!a |s| = Z‘Sia dsr = Hés/r,-, (3.5)
i=1 i=1 i=1 i=1
U= (Uy,...,Uy) € Mip(C)=C", s=(s1,...,8n) € N,
r=(ry,..,rn) eN".
Ps : DY — C, s € N, - the matching functions of Neretin. Here
s! .
P Z, W = fZSiaWa7 36
s ) Z 24al(s — a)! (3.6)
acAp,a<s

Leiden, 2010 20/42

Stefan, Cezar (IFIN-HH, Bucharest) The Jacobi group



Canonical automorphy factor & kernel function

Notation & Calculation

An — symmetric matrices a = (a;)1<i j<n » @j € N,

T w* a= ][ a ak_Za,k, a_Za,,

1<i<j<n 1<i<j<n
,a<s: 3 <sjfor1<i< n. Using the equations
UsU dv(U) = b8!, (3.7)
(Cn
G(U Z' W)G(U, Z, W)dv(U)=det(1— WW)~/2expA(W', z'; W,z),
we obtaln

(det(1 — W' W)) "'/

exp AW, 2" W,z) = > ;'Ps(Z’, W"Ps(Z, W).

seN”"

1
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Canonical automorphy factor & kernel function

Proposition

Given W € D, the set of polynomials {®ys|s € N"} forms an
orthonormal basis of the Fock space §m,w. The kernel function of §
admits the expansion

—1/2

(det(1 — WW)) ™ "“exp (2rmA(W, 2; W, 2)) = Y dus(2)Pus(2).

SeNn

(3.9) |

Proof. Given U € C", W € D,, define the function W, : C" — C, that
Vuw (2) = G(U,2v2mmz, W). Change of variables: Z = 2v2rmz =

IV uw IIan=7T‘”det(1—WW)‘”Z/C”eXp(B(U, Z,W)-A(Z,W))dv(2),
(3.10)
B(U,Z,W)=U'Z+ Uz - %UWtU uwu+. (3.11)

2
Change of variables: 2/ = (1 — WW)~"/2 (Z — U — WU), the relation
dv(Z) = det(1 — WW)dv(Z'),&
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Canonical automorphy factor & kernel function

Proof - continuation

/ exp-Z'Z' — %(z’ W!Z'+Z' WZ'))du(Z') = =" det(1— WW))~1/2
(Cn

= [Wuw |3,y = exp(UU). Then

sy
Z vu (DWs:(bWr mw = Z USUS. (3.12)

s,reNn ' seN”

Comparing the coefficients of USU" in the series of both sides of
(3.12):
(Pws, Pwr)mw = dsrS!, s, re N (3.13)
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Canonical automorphy factor & kernel function

Notation

f(W, 2) = \%PS(Z\/Zwmz, W) f: D)5 C, seN".  (3.14)

Ho(Dy) — complex linear subspace of holomorphic functions
f € O(DY), basis {fs|s € N"}.

Fm(DY) — the Hilbert space of all functions f € O(D3), (f, ), < oo.
The inner product (., .),, such that the set {fs|s € N"} is an
orthonormal basis.
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Canonical automorphy factor & kernel function
Proposition

a) The generating function of the basis {fs|s € N"} can be expressed
as

:
t t
exp(8rmU 'z + ;UW 'U) = Z \ﬁ (W, 2). (3.15)

seN?

The kernel function of §,(Ds) admits the expansion

(det(1 — W W) 2 exp AW, 2; W,2) = 3 t(W', 2)E(W, 2).
seN”
(3.16)
b) f € O(DY) is a solution of the system of differential equations
0?f of
= W) ——, 1<j< k< A7
92,02 8mrm(1 +c5/k)aij, 1<j<k<n, (3.17)

if and only if f € Ho(DY).

v
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Canonical automorphy factor & kernel function

j_cmk

Gy, ¢ - rational representation of GL(n, C), dlu(m) — scalar irreducible
representation of U(n) with highest weight k, k € Z, 6(A) = (det A)X.
x =0 ® X™, m e R, central character x of A =R:

xM(r) = exp (2rimk), k € A. V scalar holomorphic irreducible
representation of G — index m, weight k. m > 0and k > n+1/2.
™K — the Hilbert space functions ¢ € O($?), lellgy < oo,

(p.)og = C [ #@ OT@OX™@.O (@0, (&)

du(Q,¢) = (detY)™"2 ] dgdn J[ X dYi, (4.2)

1<i<n 1<j<k<n

KR, ¢) = K™((2,), (€.¢)) = exp (4mmn Y~ ') (det Y)F, (4.3)

K¢, 2). (6. 90) = (et~ 59)) exp(rimK ((¢.),(¢.))).
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Canonical automorphy factor & kernel function
Theorem - Takase

7™k - unitary representation of G;} on ™%, the automorphic factor J™
(7™ (g7 ")¢) (2.€) = 3™ (9. (2, O))¢(, o) v € H™, g € GJ, (44)

3™ (g, (¢,Q)) = (det(cQ + d))~F exp(2rimb), (4.5)

Theorem

Suppose k > n+1/2. Then H™ +£ {0} and =™ is an irreducible
unitary representation of Gy}, square integrable modulo center.
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Canonical automorphy factor & kernel function
FH
*

3["* — complex pre-Hilbert space ¢ € 0(93), [[¢lo) < o0
- —1
(1.02)ag = Cu | 1n(W.2) Ua(W.2) (KI(W.2)) " du(W.2),

KTK(W, z) = (det(l, — WW)) “exp(8rmA(W, z)),  (4.6)

n
dv(W, z)=(det(1—WW)) "?][dRezdimz; ] dRe WjdImWj.

i=1 1<j<k<n

:KTk(W7 Z) = K*mk((W7 Z)? (W7 Z))!

K™ ((z, W), (2, W)= (det(l, — W' W)) “exp (BrmA(W', Z’; W, 2)) .
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Canonical automorphy factor & kernel function

The map g. — 7™ (g.), 77%(g,): HTK — FHMK
(=M (g ")) (2, W) = I (g, (2, W))b(2g., Wa.),  (47)

b e HIK, g, = (w,(a, %)) € Gy, , (2, W) € D3,

JTK(g,, (z, W)) = exp(2rimb,.) (det(GW + p)) ¥ . (4.8)
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Canonical automorphy factor & kernel function

Proposition

Supposem >0, k > n+1/2, and C = 2""t3)C,. Then

a) H = {0} and =™ is an irreducible unitary representation of G,
on the Hilbert space ™K, square integrable modulo center.

b) 3 the unitary isomorphism Tk . Mk _, g(mk

©(Q,¢) = ¢ (W, z) (det(l, — W))< exp(4rmz(l, — W)~ {2), (4.9)

) e HIK, o = T™(y), (W, 2) € D7, (2,¢) = $((-W, 2)) € H7.
The inverse isomorphism T™k . 3k — J{mk :

b (W, 2) = 9(Q.€) (et(ln — i) exp (2xmc(h —i2) T ¢) , (4.10)

Y € HT, P =T™(p), (2.0) € 9y (=W, 2) = 67" ((2,()) € Dy
c) The representations =™ and =™ are unitarily equivalent.
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Canonical automorphy factor & kernel function

j_ck

HK-d e (D), |95, < o0,

(W1, Ua)x —/D W (W)Up(W) (det(1 — WW))* "2 dpup, (W),

dpn, (W) = (det(1 - WW)) """ [ dRe WjdIm W

1<j<k<n

We have 3K # {0} for k > n+ 1/2, cf Berezin, Takase.
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Canonical automorphy factor & kernel function

Proposition- THE LAST ONE!

{Qala € A,} — an orthonormal polynomial basis of 3. We introduce
the polynomials

n
Fsa(W, Z) = ‘l (8(7;”37‘) Ps(\/87TmZ, W)Qa(W), S Nn, ac An. (411)

Proposition

The set of polynomials { Fsa|s € N", a € A,} forms an orthonormal
basis of K. The kernel function of ™% satisfies the expansion

(det(1 — WW)) “exp AW, 2, W,2)= > Fsay(W',2)Fea( W, 2).

seN" acAp
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Canonical automorphy factor & kernel function

The base of functions & Reproducing Kernel, n = 1

Proposition

[(n+2K) o Po(z, W)

fin>ie0 som(Z) W) = n'l'(2k) V!
(2] W, Zn—2k J
Pn(z,w) = n! Z(E) m,z,weﬂr (4.12)
P ! !

7/)-2k 27'z + 22w + Z"%w
2(1 — ww')
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Complements
Berezin’s quantization

(R ik +i—2)
7r""2+3 11 Mk+2(3(—n—1)]

Compare with the case of the symplectic group: a shiftofptop —1/2
in the normalization constant A, = 7="J~"(p).
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Complements
Kahler two-form on ©¢

—iwn:gTr(C/\C)+Tr(AtI\_ﬂ/\Z\), (5.1)
A=dz+dWx,
C=MdW, M=(1—-WW)~!

x=(1-WW) Y z+W2z),WeD,zecC"
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Complements
The Kahler two-form on $/

Under the partial Cayley transform the two-form w, on ®¢ becomes on
o
s k = 2 t >
—iw, = ETr(p AP) + TTr(B A B) (5.2)

p=(v—v)'dv; B=du—dv(v—v)"(u-0).

“n”-dimensional generalization of Berndt-K&hler two-form wj.

Remark ©Y and $ are called by Jae-Hyun Yang Siegel-Jacobi
domains . Kahler calls ${ Phasenraum der Materie, v is Pneuama, u
is Soma.
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Complements
Comparation with Yang’s results

Zt
75)

The case m =1 in Theorem 1 in Yang is our (5.2), while our relation
(5.1) is theorem 5 in Yang; Our factor Q

(v,u) & (© (5.3)

Q; = 27 "3 [det(2i(v — v))]~("2) = 2=+ [det(Im v)]~("+2) (5.4)

corresponds to Yang's result expressed in Lemma A in the same
Situation m = 1. )
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Complements

Comparation with Yang’s result on Jacobi-Sigel

half plane

Yang’s notation Q = X +iY;Z = U +iV. Our (5.2) expressed in Yang’s
notation
—iw, = gTr( Y=1dQ A Y~ 1dQ)

+ %Tr[(dZ— VY=1dQ) Y1 A (dZ! — dQY TV

—iw, = gTr( Y=1do A Y 1dQ)
- ;Tr(dZY1 AdZ) + ;Tr( vy-tday-1 AQy-1VY)
—%Tr(dZY_1 AQYTTVY) — %Tr( vy=ldQy-1 A dZ)
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Complements

Yang’s Kahler metric on Jacobi-Siegel disc

%dég,m;A,B =
Ate((l — WW) " aW(l, - WW)~ 1 dW)
B{tr((l,, — WW)~" {(dn) dr)
tr((nW —7)(Ih — WW) " dW
(I — WwW)~ " (dn))
+ (@AW =)l — WW) ' dW
(lh— WW)~" {(dn))
— tr((lh— WW) iy (I — WW) ™!
Waw(l, — WW)~'dW)
— (Wl — WW) 575 (I, — WW)™!
dW(l, — WW)~1dW)

Leiden, 2010
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+ tw((lh— WW) 7l — WW) !
dW(l, — WW)~'dW)

+ tr((lh— W) " W (I, — WW)™
dW(l, — WW)~1dW)

+ (= W)l = W) (I, — WW)™!
T (= WW) ™" (I = W) (I — W)~
dW(l, — Ww)~ dw)}
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